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Abstract
In the framework of the rest-frame instant form of tetrad gravity, where
the Hamiltonian is the weak ADM energy EˆADM , we define a special com-
pletely fixed 3-orthogonal Hamiltonian gauge, corresponding to a choice of
non-harmonic 4-coordinates, in which the independent degrees of freedom
of the gravitational field are described by two pairs of canonically conjugate
Dirac observables (DO) ra¯(τ, ~σ), πa¯(τ, ~σ), a¯ = 1, 2. We define a Hamiltonian
linearization of the theory, i.e. gravitational waves, without introducing any
background 4-metric, by retaining only the linear terms in the DO’s in the
super-hamiltonian constraint (the Lichnerowicz equation for the conformal
factor of the 3-metric) and the quadratic terms in the DO’s in EˆADM . We
solve all the constraints of the linearized theory: this amounts to work in a
well defined post-Minkowskian Christodoulou-Klainermann space-time. The
Hamilton equations imply the wave equation for the DO’s ra¯(τ, ~σ), which re-
place the two polarizations of the TT harmonic gauge, and that linearized
Einstein’s equations are satisfied . Finally we study the geodesic equation,
both for time-like and null geodesics, and the geodesic deviation equation.
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I. INTRODUCTION
In a series of papers [1–3] the rest-frame instant form of the Hamiltonian ADM formu-
lation of both metric and tetrad gravity was given. The aim of these papers was to arrive
at a formulation of general relativity with matter such that the switching off of the New-
ton constant G would produce the description of the same matter in the rest-frame instant
form of parametrized Minkowski theories [4,5,1], with the general relativistic covariance de-
parametrizing to the special relativistic one of these theories, and to study its Hamiltonian
formulation consistently with Dirac-Bergmann theory of constraints.
To implement this program we must select the following family of non-compact space-
times:
i) globally hyperbolic, so that the ADM Hamiltonian formulation [6] is well defined if we
start from the ADM action;
ii) topologically trivial, so that they can be foliated with space-like hyper-surfaces Στ
diffeomorphic to R3 (3+1 splitting of space-time with τ , the scalar parameter labeling the
leaves, as a mathematical time);
iii) asymptotically flat at spatial infinity and with boundary conditions at spatial infinity
independent from the direction, so that the spi group of asymptotic symmetries is reduced
to the Poincare’ group with the ADM Poincare’ charges as generators 1. In this way we
can eliminate the super-translations, namely the obstruction to define angular momentum
in general relativity, and we have the same type of boundary conditions which are needed
to get well defined non-Abelian charges in Yang-Mills theory, opening the possibility of a
unified description of the four interactions with all the fields belonging to same function
space [5]. All these requirements imply that the allowed foliations of space-time must have
the space-like hyper-planes tending in a direction-independent way to Minkowski space-
like hyper-planes at spatial infinity, which moreover must be orthogonal there to the ADM
4-momentum. But these are the conditions satisfied by the singularity-free Christodoulou-
Klainermann space-times [7], in which, in presence of matter, the allowed hyper-surfaces
define the rest frame of the universe and naturally become the Wigner hyper-planes of the
rest-frame instant form of the parametrized Minkowski theories describing the same matter
when G 7→ 0. Therefore there are preferred asymptotic inertial observers, which can be
identified with the fixed stars. These allowed hyper-surfaces are called Wigner-Sen-Witten
(WSW) hyper-surfaces, because it can be shown that the Frauendiener re-formulation [8] of
Sen-Witten equations [9] for triads allows (after the restriction to the solutions of Einstein’s
equations) to transport the asymptotic tetrads of the asymptotic inertial observers in each
point of the hyper-surface, generating a local compass of inertia to be used to define rotations
with respect to the fixed stars 2. Besides the existence of a realization of the Poincare’ group,
1When we switch off the Newton constant G, the ADM Poincare’ charges, expressed in Στ -adapted
4-coordinates, become the generators of the internal Poincare’ group of parametrized Minkowski
theories [1].
2Instead the standard Fermi-Walker transport of the tetrads of a time-like observer is a standard
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the only other needed property is that the admissible WSW hyper-surfaces must admit an
involution [10] allowing the definition of a generalized Fourier transform with its associated
concepts of positive and negative energy, so to avoid the claimed impossibility to define
particles in curved space-times [11].
iv) All the fields have to belong to suitable weighted Sobolev spaces so that the allowed
space-like hyper-surfaces are Riemannian 3-manifolds without Killing vectors: in this way we
avoid the analogue of the Gribov ambiguity in general relativity and we can get a unification
of the function spaces of gravity and particle physics.
After all these preliminaries it is possible to study the Hamiltonian formulation of both
ADM metric [1] and tetrad [2,3] gravity 3 with their (8 and 14 respectively) first class
constraints as generators of the Hamiltonian gauge transformations. Then it is possible to
look, at least at a heuristic level, for Shanmugadhasan canonical transformations [12,4,5]
implementing the separation between the gauge variables and the Dirac observables (DO) for
the gravitational field 4. A complete exposition of these topics is in Refs. [1–3], where it is
shown that it is possible to define a rest frame instant form of gravity in which the effective
Hamiltonian for the evolution is the weak ADM energy EADM
5 [17].
Let us consider tetrad gravity. In Refs. [2,3] there is a new parametrization of tetrad
gravity, still utilizing the ADM action, which allows to solve 13 of the 14 first class con-
straints. After an allowed 3+1 splitting of space-time with space-like hyper-surfaces Στ , we
introduce adapted coordinates 6. The arbitrary cotetrads 4E(α)µ , appearing in the 4-metric
of non-rotation with respect to a local observer in free fall.
3More natural for the coupling to the fermions of the standard model of particles. Moreover
tetrad gravity is naturally a theory of time-like accelerated observers, generalizing the ones of
parametrized Minkowski theories.
4See Refs. [13–15] for the interpretation of the gauge variables as generalized inertial effects and
of the DO’s (the non-local deterministically predictable physical degrees of freedom of the gravi-
tational field) as generalized tidal effects. The non-locality of DO’s (all 3-space is needed for their
determination) may be interpreted as a form of Mach principle, even if our boundary conditions are
not compatible with the standard interpretation of such principle given by Einstein and Wheeler,
who choose spatially compact space-times without boundary [16].
5Therefore the formulations with a frozen reduced phase space are avoided. The super-hamiltonian
constraint generates normal deformations of the space-like hyper-surfaces, which are not inter-
preted as a time evolution (like in the Wheeler-DeWitt approach) but as the Hamiltonian gauge
transformations ensuring that the description of gravity is independent from the 3+1 splittings of
space-time like it happens in parametrized Minkowski theories.
6Instead of local coordinates xµ for M4, we use local coordinates σA on R × Σ ≈ M4 with
Σ ≈ R3 [xµ = zµ(σ) with inverse σA = σA(x)], i.e. a Στ -adapted holonomic coordinate basis
for vector fields ∂A =
∂
∂σA
∈ T (R × Σ) 7→ bµA(σ)∂µ = ∂z
µ(σ)
∂σA
∂µ ∈ TM4, and for differential
4
of the ADM action principle, are rewritten in adapted coordinates, 4E
(α)
A , and replaced at
the Hamiltonian level by the lapse N and shift N(a) =
3e(a)r N
r functions, cotriads 3e(a)r and
boost parameters ϕ(a)
(
4E
(o)
A
4E
(a)
A
)
=


√
1 +
∑
(c) ϕ(c)2 −ǫϕ(b)
ϕ(a) δ
(a)
(b) − ǫ ϕ
(a)ϕ(b)
1+
√
1+
∑
(c)
ϕ(c)2

×

 4(Σ) ˇ˜E
(o)
A = (N ;~0)
4
(Σ)
ˇ˜E
(b)
A = (N
(b) = 3e(b)r N
r; 3e(b)r )

 ,
⇒ 4gAB = 4E(α)A 4η(α)(β) 4E(β)B = 4(Σ)Eˇ(α)A 4η(α)(β) 4(Σ)Eˇ(β)B =
= ǫ
(
(N2 − 3grsN rN s) −3gstN t
−3grtN t −3grs
)
,
(
4Eµ(o)
4Eµ(a)
)
=


√
1 +
∑
(c) ϕ(c)2 −ϕ(b)
ǫϕ(a) δ
(b)
(a) − ǫ ϕ(a)ϕ
(b)
1+
√
1+
∑
(c)
ϕ(c)2


(
lµ
bµs
3es(b)
)
,
(
4EA(o)
4EA(a)
)
=


√
1 +
∑
(c) ϕ(c)2 −ϕ(b)
ǫϕ(a) δ
(b)
(a) − ǫ ϕ(a)ϕ
(b)
1+
√
1+
∑
(c)
ϕ(c)2



 4(Σ) ˇ˜E
A
(o) = (1/N ;−N r/N)
4
(Σ)
ˇ˜E
A
(b) = (0;
3er(b))

 ,
one-forms dxµ ∈ T ∗M4 7→ dσA = bAµ (σ)dxµ = ∂σ
A(z)
∂zµ dx
µ ∈ T ∗(R × Σ). The 4-metric has Lorentz
signature ǫ (+,−,−,−) with ǫ = ±1 according to particle physics and general relativity conventions
respectively. The induced 4-metric and inverse 4-metric become in the new basis
4gAB = {4gττ = ǫ(N2 − 3grsN rN s); 4gτr = −ǫ 3grsN s; 4grs = −ǫ 3grs} =
= ǫ [lAlB − 3grs (δrA +N r δτA)(δsB +N sδτB)],
4gAB = {4gττ = ǫ
N2
; 4gτr = −ǫN
r
N2
; 4grs = −ǫ(3grs − N
rN s
N2
)} = ǫ[lAlB − 3grsδAr δBs ].
For the unit normals to Στ we have l
A = ǫN (1;−N r) and lA = N∂Aτ = NδτA = (N ;~0). We
introduce the 3-metric of Στ :
3grs = −ǫ 4grs with signature (+++). If 4γrs is the inverse of
the spatial part of the 4-metric (4γru 4gus = δ
r
s), the inverse of the 3-metric is
3grs = −ǫ 4γrs
(3gru 3gus = δ
r
s). We have the following form for the line element in M
4:
ds2 = ǫ(N2 − 3grsN rN s)(dτ)2 − 2ǫ 3grsN sdτdσr − ǫ 3grsdσrdσs =
= ǫ
[
N2(dτ)2 − 3grs(dσr +N rdτ)(dσs +N sdτ)
]
.
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⇒ 4gAB = 4EA(α) 4η(α)(β) 4EB(β) = 4(Σ)EˇA(α) 4η(α)(β) 4(Σ)EˇB(β) =
= ǫ
(
1
N2
−Ns
N2−Nr
N2
−(3grs − NrNs
N2
)
)
. (1.1)
The conjugate momenta are π˜N (τ, ~σ), π˜
~N
(a)(τ, ~σ),
3π˜r(a)(τ, ~σ), π˜
~ϕ
(a)(τ, ~σ), respectively. There
are ten primary constraints π˜N(τ, ~σ) ≈ 0, π˜ ~N(a)(τ, ~σ) ≈ 0, π˜~ϕ(a)(τ, ~σ) ≈ 0, 3M˜(a)(τ, ~σ) =
ǫ(a)(b)(c)
3e(b)r(τ, ~σ)
3π˜r(c)(τ, ~σ) ≈ 0 and four secondary ones: the super-hamiltonian constraint
H(τ, ~σ) ≈ 0 and the super-momentum constraints Hr(τ, ~σ) ≈ 0. Therefore there are 14
arbitrary gauge variables, four of which are the lapse and shift functions. All the constraints
are first class and the Dirac Hamiltonian depends on 10 Dirac multipliers.
As shown in Ref. [1], a consistent treatment of the boundary conditions at spatial infinity
requires the explicit separation of the asymptotic part of the lapse and shift functions from
their bulk part: N(τ, ~σ) = N(as)(τ, ~σ) + n(τ, ~σ), Nr(τ, ~σ) = N(as)r(τ, ~σ) + nr(τ, ~σ), with
n(τ, ~σ) and nr(τ, ~σ) tending to zero at spatial infinity in a direction-independent way. On
the contrary, N(as)(τ, ~σ) = −λτ (τ)− 12 λτu(τ) σu and N(as)r(τ, ~σ) = −λr(τ)− 12 λru(τ) σu. The
Christodoulou-Klainermann space-times [7], with their rest-frame condition of zero ADM 3-
momentum and absence of super-translations, are singled out by these considerations. As
already said the allowed foliations of these space-times tend asymptotically to Minkowski
hyper-planes in a direction-independent way and are asymptotically orthogonal to the ADM
four-momentum. The leaves Στ are the WSW hyper-surfaces. They have N(as)(τ, ~σ) = −ǫ,
N(as)r(τ, ~σ) = 0. As in Refs. [1–3], from now on the lapse and shift functions N and Nr will
be replaced by −ǫ+ n and nr.
It is pointed out in the papers [1,3] that in order to have well defined asymptotic weak
and strong ADM Poincare’ charges (generators of the asymptotic Poincare’ group) all fields
must have a suitable direction-independent limit at spatial infinity. Recall that the strong
ADM energy is the flux through the surface at spatial infinity of a function of the 3-metric
only, and it is weakly equal to the weak ADM energy (volume form) which contains all the
dependence on the ADM momenta. This implies [1] that the super-hamiltonian constraint
must be interpreted as the equation (Lichnerowicz equation) that uniquely determines the
conformal factor φ(τ, ~σ) = (det 3g(τ, ~σ))1/12 of the 3-metric as a functional of the other
variables. This means that the associated gauge variable is the canonical momentum πφ(τ, ~σ)
conjugate to the conformal factor: it carries information about the extrinsic curvature of Στ .
It is just this variable, and not York’s time, which parametrizes the normal deformation
of the embeddable space-like hyper-surfaces Στ . Since different forms of Στ correspond to
different 3+1 splittings ofM4, the gauge transformations generated by the super-hamiltonian
constraint correspond to the transition from an allowed 3+1 splitting to another one: this is
the gauge orbit in the phase space over super-space. The theory is therefore independent of
the choice of the 3+1 splitting like in parametrized Minkowski theories. As a matter of fact,
a gauge fixing for the super-hamiltonian constraint is a choice of a particular 3+1 splitting
and this is done by fixing the momentum πφ(τ, ~σ) conjugate to the conformal factor. This
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shows the dominant role of the conformal 3-geometries in the determination of the physical
degrees of freedom, just as in the Lichnerowicz-York conformal approach [18,19,16].
As explained in Refs. [1,3], following a suggestion of Dirac [20], we restrict our space-
times to admit asymptotic Minkowski Cartesian coordinates, namely the admissible 4-
coordinate systems xµ = zµ(σA) have the property xµ → δµ(µ) z(µ)(∞)(τ, ~σ) at spatial infinity
with z
(µ)
(∞)(τ, ~σ) = x
(µ)
(∞)(τ)+b
(µ)
(∞)r(τ) σ
r [(µ) are flat indices]. Therefore the leaves of the admis-
sible 3+1 splittings of our space-times tend to Minkowski space-like hyper-planes at spatial
infinity in a direction-independent way. While x
(µ)
(∞)(τ) denotes the world-line of a point
(centroid) arbitrarily chosen as origin of the 3-coordinate systems on each Στ , the b
(µ)
(∞)A(τ)’s
are flat asymptotic tetrads with b
(µ)
(∞)τ equal to the normal l
(µ)
(∞) to the asymptotic Minkowski
hyper-planes. To force the existence of these asymptotic coordinates, we must add to tetrad
gravity ten extra configuration degrees of freedom, namely the centroid x
(µ)
(∞)(τ) and the six
independent components of the tetrads b
(µ)
(∞)A(τ), and of the conjugate ten momenta, p
(µ)
(∞) and
a spin tensor S
(µ)(ν)
(∞) . As shown in Refs. [1,3], this increase of variables is balanced by adding
ten extra first class constraints determining the ten extra momenta: χA = pA(∞)− PˆAADM ≈ 0,
χAB = JAB(∞) − JˆABADM ≈ 0, where the weak (volume form) ADM Poincare’ charges PˆAADM ,
JˆABADM and the quantities p
A
(∞) = b
A
(∞)(µ) p
(µ)
(∞), J
AB
(∞) = b
A
(∞)(µ) b
B
(∞)(ν) S
(µ)(ν)
(∞) are expressed in
Στ -adapted 4-coordinates.
In this way the ten extra configuration degrees of freedom become arbitrary gauge vari-
ables. After the splitting of the lapse and shift functions in the asymptotic and bulk
parts, this approach [1,3] implies the replacement of the canonical Hamiltonian
∫
d3σ
[
nH+
nrHr
]
(τ, ~σ) + λA(τ) Pˆ
A
ADM +
1
2
λAB(τ) Jˆ
AB
ADM with the Hamiltonian
∫
d3σ
[
nH + nrHr +
λn πn + λ~n r π
r
~n + µ(a)M(a) + ρ(a) π
~ϕ
(a)
]
(τ, ~σ) + λA(τ) [p
A
(∞) − PˆAADM ] + 12 λAB(τ) [JAB(∞) − JˆABADM ].
The following boundary conditions (compatible with Christodoulou-Klainermann space-
times) ensure that the Hamiltonian gauge transformations preserve these asymptotic prop-
erties defining our class of space-times
3e(a)r(τ, ~σ)→r→∞ (1 + M
2r
)δ(a)r +O(r
−3/2),
⇒ 3grs(τ, ~σ) = [3e(a)r 3e(a)s](τ, ~σ) →r→∞ (1 + M
r
)δrs +O(r
−3/2),
3π˜r(a)(τ, ~σ)→r→∞ O(r−5/2),
n(τ, ~σ)→r→∞ O(r−(2+ǫ)), ǫ > 0,
nr(τ, ~σ)→r→∞ O(r−ǫ),
α(a)(τ, ~σ)→r→∞ O(r−(1+ǫ)),
ϕ(a)(τ, ~σ)→r→∞ O(r−(1+ǫ)). (1.2)
As shown in Refs. [1,3], to get the rest-frame instant form of tetrad gravity, with its
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WSW hyper-surfaces as leaves of the admissible 3+1 splittings (when p
(µ)
(∞) is time-like) the
gauge fixings must be added with the following procedure :
i) Add three gauge fixings on the boost parameters, namely ϕ(a)(τ, ~σ) ≈ 0: in this way
we choose cotetrads adapted to Στ . The time constancy of this gauge fixing determines the
3 Dirac multipliers ρ(a)(τ, ~σ).
ii) Add three gauge fixings, α(a)(τ, ~σ) ≈ 0, to the rotation constraints 3M˜(a)(τ, ~σ) ≈ 0: in
this way we fix a reference orientation of the cotriads. The time constancy of these gauge
fixings determine the 3 Dirac multipliers µ(a)(τ, ~σ).
iii) Add three gauge fixings χr(τ, ~σ) ≈ 0 to the secondary super-momentum constraints:
this amounts to a choice of 3-coordinates on Στ . The requirement of time constancy of
the constraints χr(τ, ~σ) ≈ 0 will generate three gauge fixings ϕr(τ, ~σ) ≈ 0 for the primary
constraints πrn(τ, ~σ) ≈ 0, which determine the shift functions nr(τ, ~σ) (and therefore the
coordinate-dependent gravito-magnetic aspects and the eventual anisotropy of light propa-
gation). The time constancy of the ϕr(τ, ~σ)’s will determine the 3 Dirac multipliers λ~nr(τ, ~σ).
iv) Add a gauge fixing χ(τ, ~σ) ≈ 0 to the secondary super-hamiltonian constraint, which
determines the form of the space-like hyper-surface Στ . Its time constancy produces the
gauge fixing ϕ(τ, ~σ) ≈ 0 for the primary constraint πn(τ, ~σ) ≈ 0, which determines the lapse
function n(τ, ~σ), i.e. how the surfaces Στ are packed in the foliation. Now the 3+1 splitting
of space-time is completely determined and the time constancy of ϕ(τ, ~σ) ≈ 0 determines
the last Dirac multiplier λn(τ, ~σ). A posteriori after having solved the Hamilton equations
one could find the embedding zµ(τ, ~σ) of the WSW hyper-surfaces into the space-time.
v) Add 6 suitable gauge fixings on the gauge variables b
(µ)
(∞)A(τ), so that, after having
gone to Dirac brackets, we get JAB(∞) ≡ JˆABADM and λAB(τ) = 0. As a consequence of this gauge
fixing, the gauge variables x
(µ)
(∞)(τ) must be replaced by the canonical non-covariant 4-center
of mass x˜
(µ)
(∞)(τ) of the universe. All this implies that the asymptotic Minkowski space-like
hyper-planes become orthogonal to the weak ADM 4-momentum PˆAADM and that the canon-
ical Hamiltonian becomes
∫
d3σ
[
nH+ nrHr + λn πn + λ~n r πr~n+ µ(a)M(a) + ρ(a) π~ϕ(a)
]
(τ, ~σ)−
λτ (τ) [ǫ(∞) − Pˆ τADM ] + λr(τ) Pˆ rADM with ǫ(∞) = −ǫ
√
ǫ p2(∞). Namely only the four first class
constraints ǫ(∞) − Pˆ τADM ≈ 0 and Pˆ rADM ≈ 0 are left, With the constraints Pˆ rADM ≈ 0 being
the rest frame condition for the universe.
vi) Add the gauge fixing τ − T(∞) ≈ 0, implying λτ (τ) = 0 and identifying the mathe-
matical time τ with the rest frame time T(∞) = p(∞)(µ) x˜
(µ)
(∞)/ǫ(∞) = p(∞)(µ) x
(µ)
(∞)/ǫ(∞) of the
universe. The canonical 4-center of mass x˜
(µ)
(∞) becomes a decoupled point particle clock.
vii) Either add the natural gauge fixings JˆτrADM ≈ 0 to the constraints Pˆ rADM ≈ 0 or work
by choosing λr(τ) = 0 as a pre-gauge-fixing (see the discussion at the beginning of Section
V) .
At this stage the canonical reduction is completed by going to Dirac brackets and it can
be shown [1,3] that the Dirac Hamiltonian for the rest-frame instant form of tetrad gravity
is the weak (volume form) ADM energy: HD = EˆADM = −ǫ Pˆ τADM . It becomes the effective
Hamiltonian for the gauge invariant observables parametrizing the reduced phase space in
the rest-frame instant form.
8
To find a canonical basis of Dirac observables for the gravitational field in ab-
sence of known solutions of the super-hamiltonian constraint, we can perform a quasi-
Shanmugadhasan canonical transformation adapted to only 13 of the constraints and utilize
the information that this constraint has to be interpreted as the Lichnerowicz equation for
the conformal factor φ(τ, ~σ) = γ1/12(τ, ~σ) = (det 3g(τ, ~σ))1/12 = eq(τ,~σ)/2 of the 3-metric. The
result of this point canonical transformation is (a¯ = 1, 2)
ϕ(a) n nr
3e(a)r
≈ 0 ≈ 0 ≈ 0 3π˜r(a) −→
ϕ(a) n nr α(a) ξ
r φ ra¯
≈ 0 ≈ 0 ≈ 0 ≈ 0 ≈ 0 πφ πa¯. (1.3)
where α(a)(τ, ~σ) are angles and ξ
r(τ, ~σ) are a parametrization of the group manifold of the
passive 3-diffeomorphisms of Στ , describing its changes of 3-coordinates
7. The entries ≈ 0
are the new momenta corresponding to 13 Abelianized first class constraints: besides the
lapse, shift and boost momenta, there are three Abelianized rotation constraints π˜~α(a)(τ, ~σ) ≈
0 and three Abelianized super-momentum constraints π˜
~ξ
r(τ, ~σ) ≈ 0.
The Hamiltonian gauge variables are the 13 configuration variables ϕ(a)(τ, ~σ), n(τ, ~σ),
nr(τ, ~σ), α(a)(τ, ~σ), ξ
r(τ, ~σ) (they depend on the cotetrads and its space gradients) and
the momentum πφ(τ, ~σ) conjugate to the conformal factor (it depends also on the time
derivative of the cotetrads). The variables ξr(τ, ~σ) and πφ(τ, ~σ) can be thought as a possible
4-coordinate system with the Lorentz signature given by the pattern 3 configuration + 1
momentum variables.
Even if we do not know the expression of the final variables α(a), ξ
r, πφ, ra¯, πa¯ in terms
of the original variables, the point nature of the canonical transformation allows to write
the following inverse relations (the form of the cotriad was determined by solving the multi-
temporal equations for the gauge transformations generated by the first class constraints
[3])
3e(a)r(τ, ~σ) =
3R(a)(b)(α(e)(τ, ~σ))
∂ξs(τ, ~σ)
∂σr
3eˆ(b)s(φ(τ, ~ξ(τ, ~σ)), ra¯(τ, ~ξ(τ, ~σ)) ),
3π˜r(a)(τ, ~σ) =
∑
s
∫
d3σ1Kr(a)s(~σ, ~σ1, τ |α(e), ξu, φ, ra¯]
(
φ−2 e−
1√
3
∑
a¯
γa¯s ra¯
)
(τ, ~σ1)
[πφ
6φ
+
√
3
∑
b¯
γb¯s πb¯
]
(τ, ~σ1) +
+
∫
d3σ1 F
r
(a)(b)(~σ, ~σ1, τ |α(e), ξu, φ, ra¯] π˜~α(b)(τ, ~σ1) +
7Since there is no canonical choice of an origin in the 3-diffeomorphism group manifold, the choice
of a 3-coordinate system is done in two steps: i) by adding the gauge fixings ξr(τ, ~σ) − σr ≈ 0,
declaring that this 3-coordinate system {σr} on Στ is conventionally chosen as origin of the 3-
coordinate systems; ii) by choosing a parametrization of the reduced cotriads, and therefore of the
3-metric associated with the chosen 3-coordinate system, only in terms of the 3 functions φ(τ, ~σ),
ra¯(τ, ~σ).
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+
∑
u
∫
d3σ1G
ru
(a)(~σ, ~σ1, τ |α(e), ξu, φ, ra¯] π˜~ξu(τ, ~σ1),
⇓
3grs(τ, ~σ) =
∑
a
3e(a)r(τ, ~σ)
3e(a)s(τ, ~σ) =
=
∂ξu(τ, ~σ)
∂σr
∂ξv(τ, ~σ)
∂σs
∑
a
[3e(a)u
3e(a)v](φ(τ, ~ξ(τ, ~σ)), ra¯(τ, ~ξ(τ, ~σ)) ). (1.4)
Here 3R are arbitrary rotation matrices and 3eˆ(a)r are reduced cotriads depending only on the
three functions φ and ra¯. The kernels Kr(a)u, F r(a)(b) and Gru(a) are not known explicitly: they
are the solution of quasi-linear partial differential equations determined by the canonicity of
the point transformation and by the fact that the rotation constraints do not have vanishing
Poisson brackets with the super-momentum constraints [3]. Once we have found the general
solution of the quasi-linear equations for the kernels and we have done a definite choice of
gauge, the six rotation and super-momentum constraints give further restrictions on the
kernels, which amount to restrict the general solution to a particular one.
The family of 3-orthogonal gauges (all having a diagonal 3-metric, 3grs =
3e(a)r
3e(a)s =
0 for r 6= s), which is parametrized by the last gauge variable πφ(τ, ~σ), is determined
by the gauge fixings ξr(τ, ~σ)− σr ≈ 0 and by the following parametrization of the reduced
cotriads
3eˆ(a)r = δ(a)r φ
2 e
1√
3
∑
a¯
γa¯r ra¯ ,
⇓
3gˆrs =
∑
a
3eˆ(a)r
3eˆ(a)s = δrs φ
4 e
2√
3
∑
a¯
γa¯r ra¯ . (1.5)
The numerical constants γa¯r, satisfying
∑
a¯ γa¯r = 0,
∑
u γa¯u γb¯u = δa¯b¯,
∑
a¯ γu¯ γa¯v = δuv− 13 ,
define a one-parameter family of quasi-Shanmugadhasan canonical bases (1.3). In the gauge
α(a)(τ, ~σ) ≈ 0, ξr(τ, ~σ)− σr ≈ 0, we have 3e(a)r(τ, ~σ) ≈ 3eˆ(a)r(τ, ~σ).
The physical deterministically predictable degrees of freedom of the gravitational field
are the non-local DO’s (their expression in terms of the original variables is not known)
ra¯(τ, ~σ), πa¯(τ, ~σ), a¯ = 1, 2. In general they are not Bergmann observables, i.e. coordinate
independent quantities, being non-tensorial and coordinate-dependent.
Even if we do not know the solution φ = φ[ξr, πφ, ra¯, πa¯] of the Lichnerowicz equation,
the class of Hamiltonian gauges defined by the gauge fixing χ(τ, ~σ) = πφ(τ, ~σ) ≈ 0 has the
special property that the DO’s ra¯(τ, ~σ), πa¯(τ, ~σ) remain canonical also at the level of Dirac
brackets, so that these gauges can be named radiation gauges. When in a radiation gauge
there is no other residual gauge freedom, we can express every tensor over the space-time
only in terms of the two pairs of canonically conjugate DO’s.
10
This allows for the first time to arrive at a completely fixed Hamiltonian gauge of the
3-orthogonal type 8, which when restricted to the solutions of Einstein’s equations (i.e.
on-shell) is equivalent to a well defined choice of 4-coordinates for space-time.
It is evident that the Hamiltonian gauge variables of canonical gravity carry an in-
formation about observers in space-time, so that they are not inessential variables like in
electromagnetism and Yang-Mills theory but take into account the fact that in general rela-
tivity global inertial reference frames do not exist 9. The separation between gauge variables
and DO’s is an extra piece of (non-local) information [13–15], which has to be added to the
equivalence principle, asserting the local impossibility to distinguish gravitational from iner-
tial effects, to visualize which of the local forces acting on test matter are generalized inertial
(or fictitious) forces depending on the Hamiltonian gauge variables and which are genuine
gravitational forces depending on the DO’s, which are absent in Newtonian gravity 10. Both
types of forces have a different appearance in different 4-coordinate systems.
In every 4-coordinate system (on-shell completely fixed Hamiltonian gauge)
i) the genuine tidal gravitational forces appearing in the geodesic deviation equation will
be well defined gauge-dependent functionals only of the DO’s associated to that gauge, so
that DO’s can be considered generalized non-local tidal degrees of freedom ;
ii) the geodesics will have a different geometrical form which again is functionally depen-
dent on the DO’s in that gauge;
iii) the description of the relative 3-acceleration of a free particle in free fall given in
the local rest frame of an observer will generated various terms identifiable with the general
relativistic extension of the non-relativistic inertial accelerations and again these terms will
depend on both the DO’s and the Hamiltonian gauge variables 11.
Therefore the Hamiltonian gauge variables, which change value from a gauge to another
one, describe the change in the appearance of both the physical and apparent gravitational
forces going (on-shell) from a coordinate system to another one.
8Namely with 3grs(τ, ~σ) diagonal and with
3grr(τ, ~σ) = fr(ra¯(τ, ~σ)) after the solution of the
Lichnerowicz equation. The 3-orthogonal class of gauges seems to be the nearest one to the
physical laboratories on the Earth. Let us remember that the standards of length and time are
coordinate units and not Bergmann observables [21].
9The equivalence principle only allows the existence of local inertial frames along time-like
geodesics describing the world-line of a scalar test particle in free fall.
10When dynamical matter will be introduced, this Hamiltonian procedure will lead to distinguish
among action-at-a-distance, gravitational and inertial effects.
11Note that the coordinate-dependent definition of gravito-magnetism as the effects induced by
4gτr is a pure inertial effect, because it is determined by the shift gauge variables.
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In this paper we shall start from tetrad gravity in the preferred completely fixed 3-
orthogonal gauge πφ(τ, ~σ) ≈ 0 12 and we shall define a background-independent Hamiltonian
linearization of the theory after this gauge fixation, which, on-shell, corresponds to a definite
choice of a 4-coordinate system.
The standard linearization [22–24] of Einstein’s equations selects those space-times which
admit nearly Lorentzian 4-coordinate systems and whose 4-metric is well approximated
by the splitting 4gµν =
4ηµν +
4hµν , |4hµν | << 1 (weak field approximation) with 4ηµν
the background Minkowski 4-metric in Cartesian coordinates. Then it is assumed that
∂α
4hµν =
1
L
O(4hµν), where for the length L one can take the reduced wavelength λ/2π of the
resulting gravitational waves 13. Namely, one assumes the existence of solutions of Einstein’s
equations admitting nearly Cartesian 4-coordinates and split them in a background and a
perturbation, with a residual gauge freedom in the choice of 4-coordinates. Then, after the
restriction to the family of harmonic gauges, one replaces the residual gauge freedom on the
harmonic 4-coordinates with the gauge freedom of a manifestly covariant spin-2 theory over
Minkowski space-time with Cartesian coordinates. Gravitational waves are usually analyzed
in the special TT harmonic gauge, a special case of the Lorentz gauges of the spin-2 the-
ory. Therefore, there is a discontinuity in the conceptual interpretation and one gets that a
special relativistic theory with its associated absolute space-time chrono-geometric structure
and theory of measurement replaces Einstein space-time with its problematic concerning the
identification of point-events (general covariance and the Hole Argument) and with a the-
ory of measurement in curved space-times still to be developed (we have only an axiomatic
theory employing test non-dynamical objects) [13–15].
Instead, by working in the preferred completely fixed Hamiltonian gauge with well de-
termined 3-coordinates on the WSW hyper-surfaces and well determined lapse and shift
functions (so that the reconstruction of Einstein space-time and of its 4-coordinates can be
done by using the embedding of WSW hyper-surfaces), we have the possibility of making the
linearization of the theory on the WSW hyper-surfaces by approximating the Lichnerow-
icz equation and the Hamiltonian, namely the weak ADM energy, with their linear and
quadratic parts in the DO’s respectively, without never introducing a background. In this
way we may evaluate the linearized conformal factor of the 3-metric and the linearized lapse
and shift functions and to obtain a linearized Einstein space-time with 3-orthogonal coordi-
12The other gauge fixings are ϕ(a)(τ, ~σ) ≈ 0, α(a)(τ, ~σ) ≈ 0, ξr(τ, ~σ)− σr ≈ 0 and Eqs.(1.5).
13With the flat Minkowski background, the background Riemann tensor vanishes and the back-
ground radius of curvature R is infinite (R−2 is of the order of the Riemann tensor). If A is
the amplitude of the gravitational wave, the weak field approximation is valid if A << 1. In the
more general short-wave approximation [22] the background is a vacuum Einstein space-time with
4-metric 4g
(B)
µν and typical background radius of curvature R. The splitting 4gµν = 4g(B)µν + 4hµν
is done in steady 4-coordinates, where, if A is the amplitude of the perturbation, one has: 1)
4hµν = O(A); 2) ∂α 4g(B)µν = O(R−1); 3) ∂α 4hµν = O(( λ2π )−1). The short-wave approximation is
valid if A << 1 and λ2π << R.
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nates on the WSW hyper-surfaces (with a linearized embedding into the space-time), namely
a post-Minkowskian Einstein space-time linearization of a Christodoulou-Klainermann space-
time. It turns out that this gauge is not a harmonic gauge (and, as a consequence, not a
TT harmonic gauge), but rather it is a radiation gauge for the gravitational field without
any residual gauge freedom. The DO’s ra¯(τ, ~σ) replace the two polarizations e+ and e×
of the TT harmonic gauge. Moreover, besides the absence of background, there is also no
post-Newtonian expansion: our approximate solution of Einstein equations in the chosen
4-coordinate system describes a linearized Einstein manifold with Lorentz signature near to
the Minkowski space-time. It can be called a post-Minkowskian space-time with a linearized
gravitational field dynamically modifying special relativity.
In the special 3-orthogonal gauge with πφ(τ, ~σ) = 0, the canonical variables for the
gravitational field are ra¯(τ, ~σ), πa¯(τ, ~σ), and φ(τ, ~σ) = e
q(τ,~σ)/2 = φ[ra¯(τ, ~σ), πa¯(τ, ~σ)] is the
conformal factor solution of the Lichnerowicz equation in this gauge. Since the linearization
consists in taking only the terms quadratic in the DO’s inside the weak ADM energy and
only linear terms in the Lichnerowicz equation, we will do the following assumptions:
A) We assume |ra¯(τ, ~σ)| << 1 on each WSW hyper-surface and |∂ura¯(τ, ~σ)| ∼ 1LO(ra¯),|∂u∂vra¯(τ, ~σ)| ∼ 1L2O(ra¯), where L is a big enough characteristic length interpretable as the
reduced wavelength λ/2π of the resulting gravitational waves. Since the conjugate momenta
πa¯(τ, ~σ) have the dimensions of
action
L3
, i.e. of k
L
with k = c
3
16πG
, we assume |πa¯(τ, ~σ)| ∼ kLO(ra¯),|∂uπa¯(τ, ~σ)| ∼ kL2O(ra¯), |∂u∂vπa¯(τ, ~σ)| ∼ kL3O(ra¯). Therefore, ra¯(τ, ~σ) and πa¯(τ, ~σ) are slowly
varying over the length L (for ra¯, πa¯ → 0 we get the void space-times of Ref. [3]). From
Eq.(D7) we get that the Riemann tensor of our space-time is of order 1
Lk
O(πa¯) =
1
L2
O(ra¯) ≈
R−2, where R is the mean radius of curvature. Therefore we get that the requirements of the
weak field approximation are satisfied: i)A = O(ra¯), ifA is the amplitude of the gravitational
wave; ii) LR = O(ra¯), namely
λ
2π
<< R.
B) We also assume q(τ, ~σ) ∼ O(ra¯), ∂uq(τ, ~σ) ∼ 1LO(ra¯), ∂u∂vq(τ, ~σ) ∼ 1L2O(ra¯), so that
we get φ(τ, ~σ) = eq(τ,~σ)/2 ≈ 1 + 1
2
q(τ, ~σ) +O(r2a¯) for the conformal factor. The Lichnerowicz
equation becomes a linear partial differential equation for q(τ, ~σ). The linearization is done
by systematically discarding terms of order O(r2a¯) in the Lichnerowicz equation and O(r
3
a¯)
in the weak ADM energy.
With these positions we can, for the first time, solve all the constraints of tetrad gravity,
Lichnerowicz equation included, and find explicitly the kernels in Eq.(1.4). We can check that
our gauge is not a harmonic gauge. Notwithstanding this fact, the Hamilton equations imply
the wave equation for the DO’s ra¯(τ, ~σ). We can check explicitly that the linearized Einstein
equations in this 4-coordinate system are satisfied. Therefore, for the first time we get a
definition of gravitational wave in a linearized post-Minkoskian Einstein space-time without
introducing any background and independently from the post-Newtonian approximation.
After a comparison with other approaches, in which it is emphasized the coordinate-
dependent nature of effects like gravito-magnetism, we make a study of the time-like
geodesics and of the geodesic deviation equation. The study of null geodesics allows to
show the post-Minkowskian modification of the light-cone in each point of space-time. Then
we analyze the embedding of the WSW hyper-surfaces of our gauge in the post-Minkowskian
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space-time and the associated congruence of time-like observers. Moreover, anticipating the
introduction of matter to be done in a future paper, the comparison of our gauge with the
post-Newtonian approach shows that it is the equation determining the bulk part n(τ, ~σ) of
the lapse function which tends to the Poisson equation for the Newton potential for c→∞.
In Section II we solve the linearized Lichnerowicz equation and the rotation and super-
momentum constraints in our gauge. In Section III we determine the quadratic part of
the weak ADM energy in terms of the DO’s and we evaluate the lapse and shift functions
of our gauge. Then we find the linearized 4-metric and the tetrads of our gauge and we
study the Landau-Lifschiz energy-momentum pseudo-tensor in our 4-coordinates. Section
IV contains a comparison of our results with the Lichnerowicz-York conformal approach,
with the standard harmonic gauges (and their associated gravito-electric-magnetic analogy)
and with the post-Newtonian approximation. The Hamilton equations for the DO’s and
their solution, included the verification that Einstein’s equations are satisfied, are presented
in Section V. In Section VI we study the time-like geodesics and the geodesic deviation
equation of our space-time. Section VII contains the determination of the embedding of
the WSW hyper-surfaces of our gauge into the space-time and the study of the associated
congruence of time-like observers and of the null geodesics. Final remarks and the future
perspectives for the introduction of matter are drawn in the Conclusions.
In Appendix A we reproduce the results about tetrad gravity [3] needed for this paper. In
Appendix B we give the determination of some kernels connected with the Shanmugadhasan
transformation. Appendix C contains the material on the Fourier transform on the WSW
hyper-surfaces of our gauge needed for the study of the Hamilton equations. Finally in
Appendix D there is the linearized form of the relevant 3-tensors on the WSW hyper-surfaces
of our gauge and of the relevant 4-tensors over our space-time. In this Appendix there is
the explicit verification that Einstein’s equations are satisfied.
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II. LINEARIZATION IN THE 3-ORTHOGONAL GAUGE WITH πφ(τ, ~σ) = 0 AND
SOLUTION OF THE CONSTRAINTS.
In this Section we study the linearization of tetrad gravity and the solution of its con-
straints in the completely fixed 3-orthogonal gauge with πφ(τ, ~σ) = 0 defined in the Intro-
duction.
A. The Super-Hamiltonian Constraint.
Let us first consider the linearization of the Lichnerowicz equation, see Eq.(A1), which is
the super-hamiltonian constraint of Eq.(A2), interpreted as an equation for the conformal
factor of the 3-metric.
Since the super-hamiltonian constraint of Eq.(A2)becomes H˜R(τ, ~σ) = ǫc316πG
(
−
8△φ(τ, ~σ) + 2√
3
∑
a¯u γa¯u∂
2
ura¯(τ, ~σ)
)
+ 1
L2
O(r2a¯) ≈ 0, where △ = ~∂2 is the flat Laplacian
[△ 1
4π|~σ| = −δ3(~σ)], only the term (−△˜ + 18 3R˜)φ in Eq.(A1) gives a contribution of order
O(ra¯). As a consequence the linearized Lichnerowicz equation for φ = e
q/2 = 1+ 1
2
q+O(r2a¯)
becomes
△q(τ, ~σ) = 1
2
√
3
∑
ua¯
γa¯u∂
2
ura¯(τ, ~σ) +
1
L2
O(r2a¯), (2.1)
whose solution vanishing at spatial infinity is
q(τ, ~σ) = − 1
2
√
3
∑
ua¯
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1| +O(r
2
a¯). (2.2)
B. The Rotation and Super-Momentum Constraints.
After having solved the super-hamiltonian constraint we have to solve the six rotation
and super-momentum constraints. As said in the Introduction, this is equivalent [3] to
find the kernels appearing in the linearization of Eqs.(1.4). After putting equal to zero
the Abelianized rotation and super-momentum constraints in Eqs.(1.4), the old momenta
3 ˇ˜π
r
(a)(τ, ~σ)
def
= 3π˜r(a)(τ, ~σ)|3−O,πφ=0 14 are given by Eqs.(A4), whose linearization is
3 ˇ˜π
r
(a)(τ, ~σ) =
√
3
∑
sa¯
γa¯s
∫
d3σ1K˜r(a)s(~σ, ~σ1, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
b¯
γb¯srb¯ πa¯
)
(τ, ~σ1) =
=
√
3
∑
sa¯
γa¯s
∫
d3σ1K(o)r(a)s(~σ, ~σ1)πa¯(τ, ~σ1) +
k
L2
O(r2a¯) =
=
√
3
∑
sa¯
γa¯s
∫
d3σ1
[
δrsδ(a)sδ
3(~σ, ~σ1) + T (o)r(a)s (~σ, ~σ1)
]
πa¯(τ, ~σ1) +
14|3−0 means in the family of 3-orthogonal gauges.
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+
k
L2
O(r2a¯),
with
K(o)r(a)s(~σ, ~σ1) = K˜r(a)s(~σ, ~σ1, τ |1, 0] = δrsδ(a)sδ3(~σ, ~σ1) + T (o)r(a)s (~σ, ~σ1) =
= δrsδ(a)sδ
3(~σ, ~σ1)−
∂G
(o)rs
(a) (~σ, ~σ1)
∂σs1
. (2.3)
Therefore, the linearized kernels K(o)r(a)s’s are determined by the linearized kernels G(o)ru(a) ’s.
As a consequence, the linearization implies that the partial differential equations (A5)
for the kernels Gru(a)’s have to be restricted to ra¯(τ, ~σ) = πa¯(τ, ~σ) = 0 (zero curvature limit),
namely the linearized kernels G
(o)ru
(a) ’s are the same as for void space-times [3]. Their general
solutions G
(o)ru
(a) (~σ, ~σ1)’s will determine the K(o)r(a)u’s [Eq.(2.3)] and the F (o)r(a)(b)’s [see Appendix
B]. Moreover, to satisfy simultaneously the rotation and super-momentum constraints ,
the K(o)r(a)u’s must satisfy the linearized version of Eqs.(A6). These linearized equations,
which restrict the general solution, will be given in Eqs.(2.8) and are equivalent to the
statement that the old momenta 3π˜r(a) satisfy the linearized form of the six rotation and
super-momentum constraints if we have
3 ˇ˜π
b
(a)(τ, ~σ) =
3 ˇ˜π
a
(b)(τ, ~σ), a 6= b,
∂r
3 ˇ˜π
r
(a)(τ, ~σ) = 0. (2.4)
Eqs.(2.4) also correspond to the linearization of the three Einstein equations associated with
the super-momentum constraints of ADM metric gravity.
The zero curvature limit of Eqs.(A5) implies that the G
(o)ru
(a) ’s are determined by the
following linear partial differential equations 15
1) s = a homogeneous equations :
∂G
(o)a2
(a) (~σ, ~σ1)
∂σ11
+
∂G
(o)a1
(a) (~σ, ~σ1)
∂σ21
=
=
∂G
(o)a3
(a) (~σ, ~σ1)
∂σ21
+
∂G
(o)a2
(a) (~σ, ~σ1)
∂σ31
=
=
∂G
(o)a1
(a) (~σ, ~σ1)
∂σ31
+
∂G
(o)a3
(a) (~σ, ~σ1)
∂σ11
= 0, a = 1, 2, 3;
15r1, r2 6= b, r1 6= r2; ǫ(a)(r1)(b) = −δ(a)r2ǫ(r1)(r2)(b), ǫ(a)(r2)(b) = δ(a)r1ǫ(r1)(r2)(b), ǫ(u)(r1)(b) =
−δ(u)r2ǫ(r1)(r2)(b), ǫ(u)(r2)(b) = δ(u)r1ǫ(r1)(r2)(b).
16
⇓∂2G
(o)a1
(a) (~σ, ~σ1)
∂σ21∂σ
3
1
=
∂2G
(o)a2
(a) (~σ, ~σ1)
∂σ31∂σ
1
1
=
∂2G
(o)a3
(a) (~σ, ~σ1)
∂σ11∂σ
3
1
= 0,
2) s 6= a s 6= r, r 6= a inhomogeneous equations :
∂G
(o)sr
(a) (~σ, ~σ1)
∂σs1
+
∂G
(o)ss
(a) (~σ, ~σ1)
∂σr1
=
=
∂G
(o)sa
(a) (~σ, ~σ1)
∂σr1
+
∂G
(o)sr
(a) (~σ, ~σ1)
∂σa1
= 0,
∂G
(o)ss
(a) (~σ, ~σ1)
∂σa1
+
∂G
(o)sa
(a) (~σ, ~σ1)
∂σs1
= δ3(~σ;~σ1). (2.5)
Each set of homogeneous equations, considered as equations for functions of ~σ, is of the
form ∂2 u(1)(~σ) + ∂1 u(2)(~σ) = ∂3 u(2)(~σ) + ∂2 u(3)(~σ) = ∂1 u(3)(~σ) + ∂3 u(1)(~σ) = 0. This is a
system of three linear partial differential equations for the three unknown functions u(i)(~σ) of
elliptic type, since the determinant of its characteristic matrix [25] is 2ξ1ξ2ξ3 6= 0. Moreover
it is integrable, since u(r)(~σ) = f(r)(σ
r) with arbitrary f(r) are solutions of the system. We
do not know whether they exhaust all the possible solutions. Therefore, G
(o)ar
(a) (~σ, ~σ1) =
h
(o)ar
(a) (~σ, σ
r
1), with h
(o)ar
(a) arbitrary functions, are solutions of the homogeneous equations.
As a consequence, if G¯
(o)ru
(a) (~σ, ~σ1), r 6= a, is a particular solution of each set of inhomoge-
neous equations (2.5), then the general solution is G
(o)ru
(a) (~σ, ~σ1) = G¯
(o)ru
(a) (~σ, ~σ1)+g
(o)ru
(a) (~σ, ~σ1),
r 6= a, with the g(o)ru(a) ’s arbitrary homogeneous solutions (again with g(o)ru(a) (~σ, σr1), if this is
the most general solution of the associated homogeneous equations).
Therefore the general solution of Eqs.(2.5) for the kernels G
(o)ru
(a) (~σ, ~σ1) can be written in
the following form
G
(o)ru
(a) (~σ, ~σ1) = δ
r
(a)h
(o)au
(a) (~σ, ~σ1) + (1− δr(a))[G¯(o)ru(a) (~σ, ~σ1) + g(o)ru(a) (~σ, ~σ1)], (2.6)
with arbitrary h
(o)au
(a) ’s and g
(o)ru
(a) ’s. Then, Eq(2.3) gives the following expression for the
kernels K(o)r(a)u’s
K(o)r(a)u(~σ, ~σ1) = δr(a)δ(a)uδ3(~σ, ~σ1)−
−
(
δr(a)
∂h
(o)au
(a) (~σ, ~σ1)
∂σu1
+ (1− δr(a))[
∂G¯
(o)ru
(a) (~σ, ~σ1)
∂σu1
+
∂g
(o)ru
(a) (~σ, ~σ1)
∂σu1
]
)
. (2.7)
The solutions of Eqs.(2.5) for the G
(o)ru
(a) ’s are restricted by the requirement that the
K(o)r(a)u’s of Eqs.(2.7) satisfy the zero curvature limit of Eqs. (A6), which in the 3-orthogonal
gauges become 16
∑
r
[
δ(a)rK(o)r(b)u − δ(b)rK(o)r(a)u
]
(~σ, ~σ1) =
[∂G(o)au(b) (~σ, ~σ1; τ)
∂σu1
− ∂G
(o)bu
(a) (~σ, ~σ1; τ)
∂σu1
]
= 0, a 6= b,
∂r K(o)r(a)u(~σ, ~σ1) = ∂r
[
δr(a)δ(a)uδ
3(~σ, ~σ1)−
∂G
(o)ru
(a) (~σ, ~σ1; τ)
∂σu1
]
= 0. (2.8)
The first set of Eqs.(2.8) becomes the following set of three linear partial differential
equations to get the g
(o)ru
(a) ’s of Eq.(2.6) with a 6= b in terms of the G¯(o)ru(a) ’s
∂fuab(~σ, ~σ1)
∂σu
=
∂
∂σu1
(
g
(o)au
(b) (~σ, ~σ1)− g(o)bu(a) (~σ, ~σ1)
)
=
= −
(∂G¯(o)au(b) (~σ, ~σ1)
∂σu1
− ∂G¯
(o)bu
(a) (~σ, ~σ1)
∂σu1
)
def
= muab(~σ1, ~σ). (2.9)
For each pair a 6= b, this is a system of three elliptic linear partial differential equations for
the fuab’s. Each choice of the g
(o)au
(b) ’s, a 6= b, which gives a solution of this system, implies
that the associated kernels K(o)r(a)u’s satisfy the rotation constraints.
Having found a solution for the g
(o)au
(b) ’s, a 6= b, the second set of Eqs.(2.8) becomes the
following set of equations for the h
(o)au
(a) ’s of Eq.(2.6) in terms of the G¯
(o)ru
(a) ’s and g
(o)ru
(a) ’s
∑
r
∂rδ
r
(a)
[∂h(o)au(a) (~σ, ~σ1)
∂σu1
]
=
∑
r
∂r
[
δr(a)δ(a)uδ
3(~σ, ~σ1)−
−(1− δr(a))[
∂G¯
(o)ru
(a) (~σ, ~σ1)
∂σu1
+
∂g
(o)ru
(a) (~σ, ~σ1)
∂σu1
]
)]
. (2.10)
By using the linearization of the Green function of the covariant divergence given in
Eqs.(A8) and (A9), we get (f su(T ) are solutions of the homogeneous equation)
∂h
(o)su
(s) (~σ, ~σ1)
∂σu1
= f su(T )(~σ, ~σ1)−
−
∫
d3σ2
∑
(a)
δ(s)(a)c
s(~σ, ~σ2)
∑
r
∂
∂σr2
[
δr(a)δ(a)uδ
3(~σ2, ~σ1)−
−(1− δr(a))[
∂G¯
(o)ru
(a) (~σ2, ~σ1)
∂σu1
+
∂g
(o)ru
(a) (~σ2, ~σ1)
∂σu1
]
]
. (2.11)
Again this is a system of elliptic linear partial differential equations for the h
(o)au
(a) ’s with
fixed a.
16At zeroth order (φ(τ, ~σ) = 1) in the 3-orthogonal gauges the spin connection vanishes,
3ωˆr(a)(τ, ~σ) = 0 +O(ra¯), see Eq.(A7).
18
After having found the solutions of Eqs. (2.5), (2.9) and (2.11) for the kernels G
(o)ru
(a) ’s,
K(o)r(a)u’s and F (o)r(a)(b)’s, every remaining arbitrariness will be fixed by the boundary conditions
at spatial infinity for the momenta 3π˜r(a)(τ, ~σ), given in Eqs.(1.2). The final solutions are
equivalent not only to the solution of the rotation and diffeomorphisms constraints, but also
to their Abelianization in the 3-orthogonal gauges with α(a)(τ, ~σ) = 0.
C. A Solution of the Rotation and Super-Momentum Constraints.
We have found the following particular solution G
(o)ru
(a) = G¯
(o)ru
(a) of Eqs.(2.5) with g
(o)au
(b) =
h
(o)au
(a) = 0 and vanishing for |~σ| → ∞ (we use δ(σr, σr1 → −∞) = 0 for finite σr),
G
(o)ar
(a) (~σ, ~σ1) = 0, a = 1, 2, 3,
G
(o)21
(1) (~σ, ~σ1) = G
(o)11
(2) (~σ, ~σ1) = G
(o)33
(2) (~σ, ~σ1) = G
(o)23
(3) (~σ, ~σ1) =
=
1
2
∫ σ21
−∞
dw21 δ
3(~σ, σ11w
2
1σ
3
1) =
1
2
δ(σ1, σ11) θ(σ
2
1, σ
2) δ(σ3, σ31),
G
(o)22
(1) (~σ, ~σ1) = G
(o)12
(2) (~σ, ~σ1) = G
(o)33
(1) (~σ, ~σ1) = G
(o)13
(3) (~σ, ~σ1) =
=
1
2
∫ σ11
−∞
dw11 δ
3(~σ, w11σ
2
1σ
3
1) =
1
2
θ(σ11, σ
1) δ(σ2, σ21) δ(σ
3, σ31),
G
(o)31
(1) (~σ, ~σ1) = G
(o)11
(3) (~σ, ~σ1) = G
(o)32
(2) (~σ, ~σ1) = G
(o)22
(3) (~σ, ~σ1) =
=
1
2
∫ σ31
−∞
dw31 δ
3(~σ, σ11σ
2
1w
3
1) =
1
2
δ(σ1, σ11) δ(σ
2, σ21) θ(σ
3
1, σ
3),
G
(o)23
(1) (~σ, ~σ1) = G
(o)13
(2) (~σ, ~σ1) = −
1
2
∂
∂σ31
∫ σ11
−∞
dw11
∫ σ21
−∞
dw21 δ
3(~σ, w11w
2
1σ
3
1) =
= −1
2
θ(σ11, σ
1) θ(σ21, σ
2)
∂δ(σ3, σ31)
∂σ31
,
G
(o)32
(1) (~σ, ~σ1) = G
(o)12
(3) (~σ, ~σ1) = −
1
2
∂
∂σ21
∫ σ11
−∞
dw11
∫ σ31
−∞
dw31 δ
3(~σ, w11σ
2
1w
3
1) =
= −1
2
θ(σ11, σ
1)
∂δ(σ2, σ21)
∂σ21
θ(σ31, σ
3),
G
(o)31
(2) (~σ, ~σ1) = G
(o)21
(3) (~σ, ~σ1) = −
1
2
∂
∂σ11
∫ σ21
−∞
dw21
∫ σ31
−∞
dw31 δ
3(~σ, σ11w
2
1w
3
1) =
= −1
2
∂δ(σ1, σ11)
∂σ11
θ(σ21 , σ
2) θ(σ31, σ
3),
or
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G
(o)ru
(a) (~σ, ~σ1) = −
1
2
[1− δr(a)] [1− 2(δru + δau)]
∂
∂σu1
∫ σr1
−∞
dwr1
∫ σa1
−∞
dwa1 δ
3(~σ, wr1w
a
1σ
k 6=(r,a)
1 ) =
= −1
2
[1− δr(a)] [1− 2(δru + δau)]
∂
∂σu1
[
θ(σr1, σ
r) θ(σa1 , σ
a) δ(σk 6=(r,a), σk 6=(r,a)1 )
]
. (2.12)
where θ(x) is the step function [ d
dx
θ(x) = δ(x)]. This implies the following expression for
the kernels K(o)r(a)u’s
K(o)r(a)u(~σ, ~σ1) = δruδ(a)uδ3(~σ, ~σ1) + T (o)r(a)u (~σ, ~σ1) = δr(a)δ(a)uδ3(~σ, ~σ1)−
∂G
(o)ru
(a) (~σ, ~σ1)
∂σu1
,
with
T (o)a(a)u (~σ, ~σ1) = 0, a = 1, 2, 3,
T (o)2(1)1 (~σ, ~σ1) = T (o)1(2)1 (~σ, ~σ1) = −
1
2
∂
∂σ11
∫ σ21
−∞
dw21 δ
3(~σ, σ11w
2
1σ
3
1) =
= −1
2
∂δ(σ1, σ11)
∂σ11
θ(σ21 , σ
2) δ(σ3, σ31) =
= −1
2
∂2
(∂σ11)
2
∫ σ11
−∞
dw11
∫ σ21
−∞
dw21 δ
3(~σ, w11w
2
1σ
3
1),
T (o)2(1)2 (~σ, ~σ1) = T (o)1(2)2 (~σ, ~σ1) = −
1
2
∂
∂σ21
∫ σ11
−∞
dw11 δ
3(~σ, w11σ
2
1σ
3
1) =
= −1
2
θ(σ11 , σ
1)
∂δ(σ2, σ21)
∂σ21
δ(σ3, σ31) =
= −1
2
∂2
(∂σ21)
2
∫ σ11
−∞
dw11
∫ σ21
−∞
dw21 δ
3(~σ, w11w
2
1σ
3
1),
T (o)2(1)3 (~σ, ~σ1) = T (o)1(2)3 (~σ, ~σ1) =
1
2
∂2
(∂σ31)
2
∫ σ11
−∞
dw11
∫ σ21
−∞
dw21 δ
3(w11w
2
1σ
3
1) =
=
1
2
θ(σ11, σ
1) θ(σ21, σ
2)
∂2δ(σ3, σ31)
(∂σ31)
2
,
T (o)3(1)1 (~σ, ~σ1) = T (o)1(3)1 (~σ, ~σ1) = −
1
2
∂
∂σ11
∫ σ31
−∞
dw31 δ
3(~σ, σ11σ
2
1w
3
1) =
= −1
2
∂δ(σ1, σ11)
∂σ11
δ(σ2, σ21) θ(σ
3
1 , σ
3) =
= −1
2
∂2
(∂σ11)
2
∫ σ11
−∞
dw11
∫ σ31
−∞
dw31 δ
3(~σ, w11σ
2
1w
3
1),
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T (o)3(1)2 (~σ, ~σ1) = T (o)1(3)2 (~σ, ~σ1) =
1
2
∂2
(∂σ21)
2
∫ σ11
−∞
dw11
∫ σ31
−∞
dw31 δ
3(w11σ
2
1w
3
1) =
=
1
2
θ(σ11, σ
1)
∂2δ(σ2, σ21)
(∂σ21)
2
θ(σ31 , σ
3),
T (o)3(1)3 (~σ, ~σ1) = T (o)1(3)3 (~σ, ~σ1) = −
1
2
∂
∂σ31
∫ σ11
−∞
dw11 δ
3(~σ, w11σ
2
1σ
3
1) =
= −1
2
θ(σ11 , σ
1) δ(σ2, σ21)
∂δ(σ3, σ31)
∂σ31
=
= −1
2
∂2
(∂σ31)
2
∫ σ11
−∞
dw11
∫ σ31
−∞
dw31 δ
3(~σ, w11σ
2
1w
3
1),
T (o)2(3)1 (~σ, ~σ1) = T (o)3(2)1 (~σ, ~σ1) =
1
2
∂2
(∂σ11)
2
∫ σ21
−∞
dw21
∫ σ31
−∞
dw31 δ
3(~σ, σ11w
2
1w
3
1) =
=
1
2
∂2δ(σ1, σ11)
(∂σ11)
2
θ(σ21 , σ
2) θ(σ31, σ
3),
T (o)2(3)2 (~σ, ~σ1) = T (o)3(2)2 (~σ, ~σ1) = −
1
2
∂
∂σ21
∫ σ31
−∞
dw31 δ
3(~σ, σ11σ
2
1w
3
1) =
= −1
2
δ(σ1, σ11)
∂δ(σ2, σ21)
∂σ21
θ(σ31 , σ
3) =
= −1
2
∂2
(∂σ21)
2
∫ σ21
−∞
dw21
∫ σ31
−∞
dw31 δ
3(~σ, σ11w
2
1w
3
1),
T (o)2(3)3 (~σ, ~σ1) = T (o)3(2)3 (~σ, ~σ1) = −
1
2
∂
∂σ31
∫ σ21
−∞
dw21 δ
3(~σ, σ11w
2
1σ
3
1) =
= −1
2
δ(σ1, σ11) θ(σ
2
1, σ
2)
∂δ(σ3, σ31)
∂σ31
=
= −1
2
∂2
(∂σ31)
2
∫ σ21
−∞
dw21
∫ σ31
−∞
dw21 δ
3(~σ, σ11w
2
1w
3
1),
or
T (o)r(a)u (~σ, ~σ1) =
1
2
[1− δr(a)] [1− 2(δru + δau)]
∂2
(∂σu1 )
2
∫ σr1
−∞
dwr1
∫ σa1
−∞
dwa1 δ
3(~σ, wr1w
a
1σ
k 6=(r,a)
1 ) =
=
1
2
[1− δr(a)] [1− 2(δru + δau)]
∂2
(∂σu1 )
2
[
θ(σr1, σ
r) θ(σa1 , σ
a) δ(σk 6=(r,a), σk 6=(r,a)1 )
]
. (2.13)
The kernels F
(o)r
(a)(b)’s are given in Appendix B.
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D. The Old Cotriad Momenta from the Solution of the Constraints.
Eqs.(2.3) imply that the cotriad momenta, solution of both the linearized rotation and
super-momentum constraints, have the following expression in terms of the DO momenta
πa¯(τ, ~σ)
3 ˇ˜π
1
(1)(τ, ~σ) =
√
3
∑
a¯
γa¯1πa¯(τ, ~σ),
3 ˇ˜π
2
(1)(τ, ~σ) = −
√
3
2
∑
a¯
[
γa¯1
∫
d3σ1
∂δ(σ1, σ11)
∂σ11
θ(σ21 , σ
2)δ(σ3, σ31)πa¯(τ, ~σ1) +
+ γa¯2
∫
d3σ1θ(σ
1
1 , σ
1)
∂δ(σ2, σ21)
∂σ21
δ(σ3, σ31)πa¯(τ, ~σ1)−
− γa¯3
∫
d3σ1θ(σ
1
1 , σ
1)θ(σ21 , σ
2)
∂2δ(σ3, σ31)
(∂σ31)
2
πa¯(τ, ~σ1)
]
=
=
√
3
2
∑
a¯
[
γa¯1
∫ ∞
σ2
dσ21
∂πa¯(τ, σ
1σ21σ
3)
∂σ1
+
+ γa¯2
∫ ∞
σ1
dσ11
∂πa¯(τ, σ
1
1σ
2σ3)
∂σ2
+
− γa¯3
∫ ∞
σ1
dσ11
∫ ∞
σ2
dσ21
∂2πa¯(τ, σ
1
1σ
2
1σ
3)
(∂σ3)2
]
,
3 ˇ˜π
3
(1)(τ, ~σ) = −
√
3
2
∑
a¯
[
γa¯1
∫
d3σ1
∂δ(σ1, σ11)
∂σ11
δ(σ2, σ21)θ(σ
3
1, σ
3)πa¯(τ, ~σ1)−
− γa¯2
∫
d3σ1θ(σ
1
1 , σ
1)δ(σ2, σ21)
∂δ(σ3, σ31)
∂σ31
πa¯(τ, ~σ1)
]
=
= −
√
3
2
∑
a¯
[
γa¯1
∫ ∞
σ3
dσ31
∂πa¯(τ, σ
1σ2σ31)
∂σ1
+
+ γa¯2
∫ ∞
σ1
dσ11
∫ ∞
σ3
dσ31
∂2πa¯(τ, σ
1
1σ
2σ31)
(∂σ2)2
+
+ γa¯3
∫ ∞
σ1
dσ11
∂πa¯(τ, σ
1
1σ
2σ3)
∂σ3
]
,
3 ˇ˜π
1
(2)(τ, ~σ) =
3 ˇ˜π
2
(1)(τ, ~σ),
3 ˇ˜π
2
(2)(τ, ~σ) =
√
3
∑
a¯
γa¯2πa¯(τ, ~σ),
3 ˇ˜π
3
(2)(τ, ~σ) = −
√
3
2
∑
a¯
[
γa¯1
∫
d3σ1
∂2δ(σ1, σ11)
(∂σ11)
2
θ(σ21, σ
2)θ(σ31 , σ
3)πa¯(τ, ~σ1) +
+ γa¯2
∫
d3σ1δ(σ
1, σ11)
∂δ(σ2, σ21)
∂σ21
θ(σ31 , σ
3)πa¯(τ, ~σ1) +
+ γa¯3
∫
d3σ1θ(σ
1
1 , σ
1)δ(σ2, σ21)
∂δ(σ3, σ31)
∂σ31
πa¯(τ, ~σ1)
]
=
=
√
3
2
∑
a¯
[
γa¯1
∫ ∞
σ2
dσ21
∫ ∞
σ3
dσ31
∂2πa¯(τ, σ
1σ21σ
3
1)
(∂σ1)2
+
22
+ γa¯2
∫ ∞
σ3
dσ31
∂πa¯(τ, σ
1σ2σ31)
∂σ2
+
+ γa¯3
∫ ∞
σ2
dσ21
∂πa¯(τ, σ
1σ21σ
3)
∂σ3
]
,
3 ˇ˜π
1
(3)(τ, ~σ) =
3 ˇ˜π
3
(1)(τ, ~σ),
3 ˇ˜π
2
(3)(τ, ~σ) =
3 ˇ˜π
3
(2)(τ, ~σ),
3 ˇ˜π
3
(3)(τ, ~σ) =
√
3
∑
a¯
γa¯3πa¯(τ, ~σ),
or
3 ˇ˜π
r
(a)(τ, ~σ) =
√
3
∑
a¯
γa¯rδ
r
(a)πa¯(τ, ~σ) +
√
3
2
[1− δr(a)]
∑
a¯u
γa¯u[1− 2(δru + δau)]
∂2
(∂σu)2
∫ ∞
σr
dσr1
∫ ∞
σa
dσa1 πa¯(τ, σ
r
1σ
a
1σ
k 6=r,a). (2.14)
Clearly Eqs.(2.4) are satisfied.
The solution (2.12) for the G
(o)ru
(a) ’s is such that the momenta
3 ˇ˜π
r
(a)(τ, ~σ) of Eq.(2.14) tend
to zero for |~σ| → ∞, as required by Eqs.(1.2), if the momenta πa¯(τ, ~σ) satisfy the restrictions
∫ +∞
−∞
dσr πa¯(τ, ~σ) = 0. (2.15)
For instance these restrictions are satisfied if πa¯(τ, ~σ) =
∂3π˜a¯(τ,~σ)
∂σ1∂σ2∂σ3
with ∂
2π˜a¯(τ,~σ)
∂σi∂σj
→σk→∞ 0
[i, j, k cyclic] in a direction-independent way.
We have not succeeded in finding a solution without these restrictions. Eqs.(2.15) can
be thought of as 6 additional constraints defined on 2-dimensional surfaces. As we shall
see, the consistency of these restrictions with the final Hamilton equations will impose the
following restrictions on the DO’s ra¯(τ, ~σ)
∫ +∞
−∞
dσr ra¯(τ, ~σ) = 0. (2.16)
Therefore Eqs.(2.15) and (2.16) are 6 pairs of second class constraints and we could
think to find a Shanmugadhasan canonical transformation from the DO’s ra¯(τ, ~σ), πa¯(τ, ~σ)
to a new basis in which 6 pairs of conjugate variables vanish due to Eqs.(2.15),(2.16) and
the physics is concentrated in the remaining pairs. However, we shall not look for such a
transformation, because it is highly non-trivial due to the fact that these constraints are
defined only on 2-dimensional surfaces. We shall go on to work with the DO’s ra¯(τ, ~σ),
πa¯(τ, ~σ) even if this will imply formal complications.
In conclusion, we have been able to solve all the Hamiltonian constraints of tetrad gravity
on the linearized WSW hyper-surfaces of our gauge.
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III. THE WEAK ADM ENERGY, THE LAPSE AND SHIFT FUNCTIONS AND
THE 4-METRIC.
After the solution of all the constraints, in this Section we determine the weak ADM
energy, the lapse and shift functions and the 4-metric of our linearized theory. Since we
need the weak ADM energy, namely the Hamiltonian in the rest-frame instant form of
tetrad gravity, see Eq.(A11), we need the following results of Appendix A: Eqs.(A10), where
there is the expression of the weak and strong ADM Poincare’ generators, and Eqs.(A12),
where there is the expression of the weak ADM Poincare’ generators in our gauge in the
canonical basis (1.3).
In Eqs.(A11) we put: i) φ = 1 + 1
2
q + O(r2a¯) with q(τ, ~σ) given by the solution (2.2) of
the linearized Lichnerowicz equation; ii) the expression (2.14) for the cotriad momenta. In
this way we get the form EˆADM [ra¯, πa¯] of the weak ADM energy only in terms of the DO’s
of our completely fixed gauge.
A. The ADM Energy and the Lapse and Shift Funcions.
The Hamiltonian linearization of tetrad gravity in our completely fixed gauge is de-
fined by approximating the weak ADM energy EˆADM [ra¯, πa¯] with the quadratic functional of
ra¯(τ, ~σ) and of πa¯(τ, ~σ) contained in it
EˆADM = −ǫPˆ τADM,R =
12πG
c3
∫
d3σ
∑
a¯
π2a¯(τ, ~σ) +
+
24πG
c3
∑
a¯b¯
∑
uv
δu(a)γa¯uγb¯v
∫
d3σ1d
3σ2T (o)u(a)v (~σ1, ~σ2)πa¯(τ, ~σ1)πb¯(τ, ~σ2) +
+
6πG
c3
∑
a¯b¯
∑
rs
γa¯rγb¯s
∫
d3σd3σ1d
3σ2
[∑
u
T (o)u(a)r (~σ, ~σ1)T (o)u(a)s (~σ, ~σ2) +
+
∑
uv
(δu(b)δ
v
(a) − δu(a)δv(b))T (o)u(a)r (~σ, ~σ1)T (o)v(b)s (~σ, ~σ2)
]
πa¯(τ, ~σ1) πb¯(τ, ~σ2)−
− c
3
16πG
∑
r
∫
d3σ
[1
6
(∑
a¯u
γa¯u
∂
∂σr
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)2 −
− 1
3
∑
a¯
(
∂rra¯(τ, ~σ)
)2
+
2
3
(∑
a¯
γa¯r∂rra¯(τ, ~σ)
)2 −
− 1
3
∑
a¯b¯
∑
u
γa¯r∂rra¯(τ, ~σ)γb¯u
∂
∂σr
∫
d3σ1
∂21urb¯(τ, ~σ1)
4π|~σ − ~σ1|
]
=
=
12πG
c3
∫
d3σ
∑
a¯
π2a¯(τ, ~σ) +
12 πG
c3
∑
a¯b¯
∑
rs
γa¯rγb¯s
∫
d3σd3σ1d
3σ2
∑
u
T (o)u(a)r (~σ, ~σ1)T (o)u(a)s (~σ, ~σ2) πa¯(τ, ~σ1) πb¯(τ, ~σ2)−
− c
3
16πG
∑
r
∫
d3σ
[1
6
(∑
a¯u
γa¯u
∂
∂σr
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)2 −
− 1
3
∑
a¯
(
∂rra¯(τ, ~σ)
)2
+
2
3
(∑
a¯
γa¯r∂rra¯(τ, ~σ)
)2 −
24
− 1
3
∑
a¯b¯
∑
u
γa¯r∂rra¯(τ, ~σ)γb¯u
∂
∂σr
∫
d3σ1
∂21urb¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+O(r3a¯). (3.1)
See Eq.(C13) of Appendix C for the Fourier transform of the ADM energy.
The determination of the bulk lapse function n(τ, ~σ) is done by solving the integral
equation (A13) written in our completely fixed gauge. Therefore we must evaluate δHˆR(τ,~σ1)
δφ(τ,~σ)
and δEˆADM
δφ(τ,~σ)
. From the linearized version of the super-hamiltonian constraint given before
Eq.(2.1) we get
δHˆR(τ, ~σ1)
δφ(τ, ~σ)
= −ǫ c
3
2πG
△1δ3(~σ, ~σ1) +O(r2a¯), (3.2)
while from Eqs.(A12) and (2.1) we get
δEˆADM
δφ(τ, ~σ)
= ǫ
c3
4πG
∫
d3σ1
∑
r
[
2∂1rq(τ, ~σ1)− 1√
3
∑
a¯
γa¯r∂1rra¯(τ, ~σ1)
]
∂1rδ
3(~σ, ~σ1) +O(r
2
a¯) =
= −ǫ c
3
2πG
[
△q(τ, ~σ)− 1
2
√
3
∑
a¯r
γa¯r∂
2
r ra¯(τ, ~σ)
]
+O(r2a¯) =
= 0 +O(r2a¯). (3.3)
Then the integral equation (A13) for the lapse function becomes the following partial dif-
ferential equation
−ǫ c
3
2πG
∫
d3σ1n(τ, ~σ1)△1δ3(~σ, ~σ1) = −ǫ c
3
2πG
△n(τ, ~σ) = 0 +O(r2a¯),
⇓
n(τ, ~σ) = 0 +O(r2a¯). (3.4)
The determination of the bulk shift functions uses this result and the linearized form of
Eq.(A14) (see Eq.(C14) of Appendix C for the Fourier transform),
nr(τ, ~σ) = −
√
3
4πG
c3
∫
d3σ1
∑
wu
(δwuδ(a)(b) + δ(a)uδ(b)w − δ(a)wδ(b)u)
∑
v
∫
d3σ2
[
δwv δ(a)vδ
3(~σ1, ~σ2) + T (o)w(a)v (~σ1, ~σ2)
]
∑
a¯
γa¯vπa¯(τ, ~σ2)G
(o)ur
(b) (~σ1, ~σ) +O(r
2
a¯) =
=
∂
∂σr
(√
3
2πG
c3
∑
a¯v
γa¯v
[ ∑
ua,u 6=a
[1− 2(δuv + δav)]
∫ σu
−∞
dσu1
∫ σa
−∞
dσa1
∫ ∞
σu1
dσu2
∫ ∞
σa1
dσa2
∂2πa¯(τ, σ
u
2σ
a
2σ
k 6=u,a
2 )
(∂σv2)
2
|σk2=σk −
25
− 2∑
u 6=r
[1− 2(δuv + δrv)]
∫ σr
−∞
dσr1
∫ σu
−∞
dσu1
∫ ∞
σr1
dσr2
∫ ∞
σu1
dσu2
∂2πa¯(τ, σ
r
2σ
u
2σ
k 6=r,u
2 )
(∂σv2)
2
|σk2=σk
])
+O(r2a¯). (3.5)
In conclusion in our completely fixed gauge the lapse and shift functions are
N(τ, ~σ) = −ǫ+ n(τ, ~σ) = −ǫ+O(r2a¯),
Nr(τ, ~σ) = nr(τ, ~σ) = −ǫ 4gˆτr(τ, ~σ). (3.6)
Since the shift functions are of order O(ra¯), we get the following results :
i) the 4-coordinates associated to our Hamiltonian gauge are not synchronous, so that we
are using non-time-orthogonal reference frames and we cannot use Einstein’s convention for
the synchronization of clocks [26]; a non-standard definition of simultaneity of distant time-
like observers is needed, consistent with the Hamiltonian description based on the Cauchy
simultaneity WSW space-like hyper-surfaces Στ ;
ii) there may be coordinate-dependent gravito-magnetic effects;
iii) the velocity of light becomes direction-dependent (see Ref. [26]) : if ui is a unit 3-vector
with respect to the 3-metric 3γ˜rs = −ǫ(3grs+ nrnsǫ 4gττ ), i.e. 3γ˜rsurus = 1, [see Appendix A of Ref.
[2], after Eq.(A5)], the light velocity in direction ui is w(ui) =
√
4gττ
urnr√
4gττ
+1
= 1− ur nr +O(r2a¯)
with
(
urnr√
4gττ
)2
= (ur nr)
2 +O(r3a¯) < 1.
B. The Linearized 4-Metric.
After the solution of all the constraints and the determination of the lapse and shift
functions, the 4-metric of our linearized space-time with Σ(WSW )τ -adapted coordinates in the
3-orthogonal gauge with πφ(τ, ~σ) = 0 becomes (we write it in the form of a perturbation of
the Minkowski metric in Cartesian coordinates only to visualize the deviations from special
relativity of this background-independent post-Minkowskian space-time in the 4-coordinates
associated with our preferred 3-orthogonal gauge)
4gˆAB(τ, ~σ) =
4ηAB +
4hAB(τ, ~σ),
4hττ (τ, ~σ) = 0 +O(r
2
a¯),
4hτr(τ, ~σ) = −ǫnr(τ, ~σ) def= − ǫ 2
c2
AGEM,3−0,r(τ, ~σ) =
∂
∂σr
(
ǫ
√
3
2πG
c3
∑
a¯v
γa¯v[ ∑
ua,u 6=a
[1− 2(δuv + δav)]
∫ σu
−∞
dσu1
∫ σa
−∞
dσa1
∫ ∞
σu1
dσu2
∫ ∞
σa1
dσa2
∂2πa¯(τ, σ
u
2σ
a
2σ
k 6=u,a
2 )
(∂σv2)
2
|σk2=σk −
26
− 2∑
u 6=r
[1− 2(δuv + δrv)]
∫ σr
−∞
dσr1
∫ σu
−∞
dσu1
∫ ∞
σr1
dσr2
∫ ∞
σu1
dσu2
∂2πa¯(τ, σ
r
2σ
u
2σ
k 6=r,u)
(∂σv2)
2
|σk2=σk
])
+
+ O(r2a¯),
4hrs(τ, ~σ) = −ǫ[3gˆrs(τ, ~σ)− δrs]def= δrs kr(τ, ~σ) =
= −2ǫ
[
q(τ, ~σ) +
2√
3
∑
a¯
γa¯rra¯(τ, ~σ)
]
δrs +O(r
2
a¯) =
= − 2ǫ√
3
∑
a¯
[
γa¯rra¯(τ, ~σ)− 1
2
∑
u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
]
δrs +O(r
2
a¯),
√
4gˆ(τ, ~σ) = −ǫ
√
γˆ(τ, ~σ) +O(r2a¯) = −ǫ φ6(τ, ~σ) +O(r2a¯) = −ǫ [1 + 3 q(τ, ~σ)] +O(r2a¯) =
= −ǫ
[
1−
√
3
2
∑
ua¯
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+O(r2a¯),
4gˆττ(τ, ~σ) = ǫ+O(r2a¯),
4gˆτr(τ, ~σ) = −ǫδrsns(τ, ~σ) +O(r2a¯),
4gˆrs(τ, ~σ) = −ǫ
(
3gˆrs − nr ns
)
(τ, ~σ) =
= −ǫ
[
1− 2√
3
∑
a¯
(
γa¯rra¯(τ, ~σ)− 1
2
∑
u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)]
δrs +O(r2a¯).
(3.7)
Therefore, the 3-metric on the linearized WSW hyper-surfaces of our gauge is only con-
formal to the Euclidean 3-metric, namely the linearized Σ(WSW )τ of our gauge are conformally
flat.
The linearized cotriads, triads and adapted cotetrads and tetrads become [see Eqs.(A7)
and (A16)]
3eˆ(a)r(τ, ~σ) = δ(a)r
[
1 +
1√
3
∑
a¯
(
γa¯rra¯(τ, ~σ)−
− 1
2
∑
u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)]
+O(r2a¯),
3eˆr(a)(τ, ~σ) = δ
r
(a)
[
1− 1√
3
∑
a¯
(
γa¯rra¯(τ, ~σ) +
+
1
2
∑
u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)]
+O(r2a¯),
3eˆ(τ, ~σ) =
√
γˆ(τ, ~σ) = 1 + 3q(τ, ~σ) +O(r2a¯) =
= 1−
√
3
2
∑
a¯u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+O(r2a¯),
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3gˆrs(τ, ~σ) = −ǫ 4gˆrs(τ, ~σ) = 3eˆ(a)r(τ, ~σ) 3eˆ(a)s(τ, ~σ) =
=
[
1 +
2√
3
∑
a¯
(
γa¯rra¯(τ, ~σ)−
− 1
2
∑
u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)]
δrs +O(r2a¯), (3.8)
4
(Σ)
ˇ˜E
A
(o)(τ, ~σ) = l
A(τ, ~σ) = −ǫ(1;−δrsns(τ, ~σ)) +O(r2a¯),
4
(Σ)
ˇ˜E
A
(a)(τ, ~σ) = (0;
3eˆr(a)(τ, ~σ)) =
= (0; δr(a)
[
1− 1√
3
∑
a¯
(
γa¯rra¯(τ, ~σ) +
+
1
2
∑
ua¯
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)]
) +O(r2a¯),
4
(Σ)
ˇ˜E
(o)
A (τ, ~σ) = lA(τ, ~σ) = −ǫ(1; 0) +O(r2a¯),
4
(Σ)
ˇ˜E
(a)
A (τ, ~σ) = (δ
r
(a)nr(τ, ~σ);
3eˆ(a)r) =
= (δr(a)nr(τ, ~σ); δ(a)r
[
1 +
1√
3
∑
a¯
(
γa¯rra¯(τ, ~σ)−
− 1
2
∑
ua¯
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)]
) +O(r2a¯). (3.9)
Since in our gauge we have ϕ(a)(τ, ~σ) = 0, the tetrads and cotetrads
4EA(α) and
4E
(α)
A of
Eqs.(1.1) coincide with those of Eqs.(3.9).
See Appendix D for the associated Christoffel symbols, spin connection, field strength
and Riemann tensor of Στ and for the 4-tensors of M
4.
C. The Energy-Momentum Landau-Lifschitz Pseudo-Tensor.
Usually the energy of a gravitational wave on the Minkowski background is evaluated
[22,24] as a mean value over various wave-lengths of the coordinate-dependent Landau-
Lifschitz energy obtained from the Landau-Lifschitz symmetric pseudo-tensor [27].
The Landau-Lifschitz pseudo-tensor (L)t
µν = (L)t
νµ, which contains no second derivatives
of the metric and gives meaningful results only in an asymptotically flat Cartesian coordinate
system, was found trying to rewrite the consequence 4∇µ 4T µν ◦=0 of the Bianchi identities
applied to Einstein’s equations in the form ∂µ[(L)t
µν+
√
4g 4T µν ]
◦
=0. Starting from Einstein’s
equations 4T µν
◦
= c
3
8πG
(4Rµν − 1
2
4gµν 4R), one rewrites them as
(L)t
µν +
√
4g 4T µν
◦
= ∂ρh
µ[νρ], with
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hµ[νρ] = −hµ[ρν] = c
3
16πG
∂σ[
4g(4gµν 4gρσ − 4gµρ 4gνσ)] = c
3
16πG
∂σ T ρνσµ,
∂ν∂ρh
µ[νρ] = ∂ν∂ρ∂σ T ρνσµ = 0,
T ανβµ = 4gˆαβ 4gˆµν − 4gˆαµ 4gˆβν = −T ναβµ = −T ανµβ = T βµαν ,
[T ανβµ + T αβµν + T αµνβ = 0], 4gˆµν =
√
4g 4gµν . (3.10)
Then one gets
(L)t
µν =
c3
16πG
[∂ρ
4gˆµν ∂γ
4gˆγρ − ∂ρ 4gˆµρ∂γ 4gˆνγ + 1
2
4gµν 4gρσ ∂γ
4gˆρδ ∂δ
4gˆσγ −
− (4gµρ 4gγδ∂σ 4gˆνδ ∂ρ 4gˆγσ + 4gνρ 4gγδ∂σ 4gˆµδ ∂ρ 4gˆγσ) + 4gρσ 4gγδ∂γ 4gˆµρ∂δ 4gˆνσ +
+
1
8
(2 4gµρ 4gνσ − 4gµν 4gρσ)(2 4gγδ 4gαβ − 4gδα 4gγβ)∂ρ 4gˆγβ∂σ 4gˆδα]. (3.11)
However, as noted in Ref. [28] and emphasized in Ref. [29], if the energy flux carried away
to infinity by gravitational radiation in a given asymptotically flat space-time is deduced
from the Landau-Lifschitz pseudo-tensor, then the result is reliable only on an appropriately
chosen flat background metric and then a connection between Bondi energy at null infin-
ity and ADM energy at spatial infinity can be established [29]. Since in our approach to
Hamiltonian linearization of Einstein’s equation we have no background metric, the Landau-
Lifschitz pseudo-tensor is not a useful quantity.
If we write the Landau-Lifschitz in Σ(WSW )τ -adapted coordinates, (L)t
AB(τ, ~σ) and then
we choose our special 3-orthogonal coordinates, then the Landau-Lifschitz 4-momentum
PALL =
∫
d3σ (L)t
Aτ (τ, ~σ) has to be contrasted with the weak ADM energy EˆADM , namely the
Hamiltonian in the rest-frame instant form of gravity, and with the vanishing weak ADM
momentum Pˆ rADM ≈ 0 evaluated in those coordinates.
¿From an explicit calculation done by using Eqs.(3.7) it turns out that PALL does not
agree with EADM and Pˆ
r
ADM [for its expression see Eq.(5.11)]
ELL =
∫
d3σ (LL)t
ττ (τ, ~σ) =
=
c3
16πG
∫
d3σ
(
− 25
24
(∂τA)
2 − 175
72
∑
i
(∂iA)
2 − 5
12
∂τA
∑
i
∂τfi +
+
1
4
∑
i
(∂τfi)
2 − 1
8
(
∑
i
∂τfi)
2 − 5
3
∂τA
∑
i
∂ini +
− 5
12
∑
i,j
∂jA∂jfi −
∑
i
∂τfi∂ini − 5
3
∑
i
∂iA∂ifi +
+
1
2
∑
r,s
(∂snr)
2 +
1
2
∑
r,s
∂snr∂rns −
∑
r,s
∂sns∂rnr +
− 1
2
∑
i
(∂ifi)
2 − 1
8
∑
i,j,r
∂ifj∂ifr +
1
4
∑
i,j
(∂jfi)
2
)
(τ, ~σ) +
+ O(r3a¯) 6= EˆADM ,
29
P rLL =
∫
d3σ (LL)t
rτ (τ, ~σ) =
=
c3
16πG
∫
d3σ
(115
36
∂τA∂rA +
5
12
∂rA
∑
i
∂τfi +
2
3
∂rA∂τfr +
+
5
3
∂τA∂rfr +
5
12
∂τA
∑
i
∂rfi +
1
4
∑
i,j
∂τfi∂rfj −
− 1
2
∑
i
∂τfi∂rfi + ∂τfr∂rfr − 7
3
∑
i
∂iA∂inr +
+
4
3
∑
i
∂rA∂ini +
∑
i
∂iA∂rni −
∑
i
∂ifr∂inr −
−∑
i
∂ifi∂inr +
∑
i
∂rfi∂ini + ∂rfr
∑
i
∂ini
)
(τ, ~σ) +
+ O(r3a¯) 6= Pˆ rADM ,
where
A(τ, ~σ) =
√
3
∑
ua¯
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
fi(τ, ~σ) =
2√
3
∑
a¯
γa¯i ra¯(τ, ~σ). (3.12)
Therefore, when in a future paper we will add matter to tetrad gravity, we will have to
devise a method independent from the Landau-Lifschitz pseudo-tensor to identify the energy
of the matter and its variation due to the emission of gravitational waves.
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IV. COMPARISON WITH THE LICHNEROWICZ-YORK CONFORMAL
APPROACH, WITH THE STANDARD LINEARIZED THEORY IN HARMONIC
GAUGES AND WITH THE POST-NEWTONIAN APPROXIMATION.
Since in the literature there are many coordinate-dependent definitions of gravito-
magnetism, which are a source of ambiguities, in this Section we shall review same of them
and we will rephrase them in the language of our linearized post-Minkowskian space-time.
Moreover we will show that our completely fixed Hamiltonian gauge does not belong to
the family of the harmonic gauges used in the standard background-dependent lineariza-
tion of Einstein’s equations. Finally we will make some comments on the post-Newtonian
approximation of our space-time.
A. Comparison with the Lichnerowicz-York Conformal Approach.
To establish the connection with the Lichnerowicz-York conformal approach [18,19,16]
we need the extrinsic curvature of the WSW hyper-surfaces of our gauge. From Eq.(A15), we
get that the extrinsic curvature and the ADM momentum of the WSW hyper-surfaces of our
gauge in the linearized theory are (see Eq.(C15) of Appendix C for the Fourier transform)
3Kˆrs(τ, ~σ) = ǫ
4πG
c3
∑
u
(δruδ(a)s + δsuδ(a)r − δrsδ(a)u) 3 ˇ˜πu(a)(τ, ~σ) +O(r2a¯) =
= ǫ
√
3
4πG
c3
∑
a¯
[
2δrsγa¯sπa¯(τ, ~σ) +
+ [1− δrs]
∑
w
γa¯w[1− 2(δrw + δsw)]
∂2
∂(σw)2
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 πa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+O(r2a¯) =
= 3Kˆrs(τ, ~σ) +O(r2a¯),
∂s
3Kˆrs(τ, ~σ) = 0 +O(r2a¯),
3 ˆ˜Π
rs
(τ, ~σ) =
1
4
[
3eˆs(a)
3 ˇ˜π
r
(a) +
3eˆr(a)
3 ˇ˜π
s
(a)
]
(τ, ~σ) =
1
4
[
3 ˇ˜π
r
(s) +
3 ˇ˜π
s
(r)
]
(τ, ~σ) =
=
√
3
2
[
δrs
∑
a¯
γa¯rπa¯(τ, ~σ) +
+
1
2
(1− δrs)
∑
a¯w
γa¯w[1− 2(δrw + δsw)] ∂2w
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 πa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+
+ O(r2a¯) =
=
ǫc3
16πG
(3Kˆra − δrs 3Kˆ) +O(r2a¯) =
ǫc3
16πG
3Kˆrs +O(r2a¯),
⇓
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3 ˆ˜Π
rs
|r = ∂r 3
ˆ˜Π
rs
+O(r2a¯) = 0 +O(r
2
a¯), (4.1)
since the trace, proportional to York’s time T = −ǫ64πG
3c3
3K, turns out to be
3Kˆ(τ, ~σ) = δrs 3Kˆrs(τ, ~σ) +O(r
2
a¯) = 0 +O(r
2
a¯). (4.2)
This means that the linearized WSW hyper-surfaces are constant mean extrinsic cur-
vature (CMC) surfaces and satisfy the maximal slicing condition. Moreover, the ADM
super-momentum constraints are satisfied.
Therefore, York’s traceless distorsion tensor 3Ars =
3Krs− 13 3grs 3K = 3Kˆrs+O(r2a¯), see
Ref. [16], Chapter 4.10 and Appendix C of Ref. [30], coincides with the extrinsic curvature
in the linearized theory. After a conformal rescaling 3grs = φ
4 3gˇrs
17 we get 3Aˇrs = 3AˇrsTT +
3AˇrsL = φ
10 3Ars = 3Kˆrs+O(r2a¯), where
3AˇrsTT and
3AˇrsL are the transverse traceless (TT) and
longitudinal (L) components respectively. The longitudinal component satisfies 3AˇrsL |s =
3Aˇrs|s
def
= (△ˇLW )r = △ˇW r + 13(W s|s)|r+ 3RˇrsW s, where W r(τ, ~σ) is York’s gravito-magnetic
vector potential. In the linearized theory it satisfies △
(
δrs +
∂r∂s
3△
)
W s = ∂s
3Kˆrs + O(r2a¯) =
0 +O(r2a¯), whose solution is
W r(τ, ~σ) = 0 +O(r2a¯),
⇓
3AˇrsL = (LW )
rs def= W s|r +W r|s − 2
3
3gˆrsW u|u = [δru∂
s + δsu∂
r − 2
3
δrs∂u]W
u +O(r2a¯) =
= 0 +O(r2a¯). (4.3)
Therefore, York’s transverse traceless physical degrees of freedom of momentum type,
namely 3AˇrsTT =
3Aˇrs−3AˇrsL = 3Kˆrs+O(r2a¯), are linear functionals of the πa¯’s of our linearized
theory. The coordinate-type physical degrees of freedom in 3gˇrs depend upon the ra¯’s
18.
B. Comparison with the Standard Linearized Theory in Harmonic Gauges and its
Associated Gravito-Electro-Magnetic Analogy.
Let us remark that our special 3-orthogonal gauge is not a member of the family of har-
monic gauges, because, in coordinates adapted to our gauge, the condition ∂A
(√
4g 4gAB
)
=
0 becomes
17All the quantities evaluated with the rescaled metric having det |3gˇ| = 1 will be denoted with a
ˇ .
18In the 3-orthogonal gauge we have 3gˇrs =
3gˆdiagrs , see Eq.(A17).
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[
∂A
(√
γˆ 4gˆτA
)]
(τ, ~σ) =
[
∂τ
(√
γˆ − 1
)
−∑
s
∂s ns
]
(τ, ~σ) +O(r2a¯) = 0 +O(r
2
a¯),
[
∂A
(√
γˆ 4gˆrA
)]
(τ, ~σ) =
[
∂τ nr − ∂r
( 2√
3
∑
a¯
[γa¯rra¯)(τ, ~σ) +
+
1
2
∑
u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)]
(τ, ~σ) +O(r2a¯) 6= 0 +O(r2a¯). (4.4)
Therefore, on the solutions of Einstein’s equations [15] our radiation gauge identifies
a 4-coordinate system different from those compatible with the standard linearized theory
coupled to matter.
This theory, in the post-Newtonian approximation, allows to make the gravito-electro-
magnetic (GEM) re-formulation of Einstein’s theory (see Refs. [16,31]), emphasizing the spin
1 aspects of this spin 2 theory over the Minkowski background in Cartesian coordinates.
By putting 4gµν =
4ηµν + hµν with hµν = h¯µν +
1
2
4ηµν h (h =
4ηµν hµν ,
√
4g 4gµν =
4ηµν − h¯µν , h¯µν = 4ηµα 4ηνβ hαβ) Einstein’s equations in presence of matter become ✷ h¯µν =
4ηαβ ∂α ∂β h¯µν
◦
= − 1
k c
Tµν when the Lorentz gauge condition ∂ν h¯
µν = ∂ν
(√
4g 4gµν
)
= 0,
viz. the conditions for harmonic coordinates (which include the post-Newtonian ones), are
imposed. Even if in this approximation there is no back-reaction of the gravitational force
on the sources, it allows to make an analogy with electromagnetism [23]. h¯µν replaces the
4-potential Aµ with the coordinate transformation (changing the Christoffel symbols but
not the curvature tensor) h¯
′
µν = h¯µν − ∂µ bν − ∂ν bµ + 4ηµν ∂α bα corresponding to the gauge
transformation A
′
µ = Aµ+ ∂µ Λ. Maxwell equations ✷Aµ− ∂µ ∂αAα ◦= − 1c jµ correspond to
the linearized Einstein equations ✷ h¯µν+
4ηµν ∂α ∂β h¯
αβ−∂µ ∂α h¯αν−∂ν ∂α h¯αµ ◦=− 2k Tµν . The
Lorentz gauge ∂µA
µ = 0 (with residual gauge freedom given by functions Λ’s satisfying ✷Λ =
0) with equations ✷Aµ
◦
= − 1
c
jµ corresponds to the harmonic gauge (harmonic coordinates)
∂ν h¯
µν = 0 with ✷ h¯µν = − 2k Tµν (with residual freedom in the choice of coordinates having
the bµ’s satisfying ✷ b
µ = 0; in Cartesian coordinates the equations of motion are decoupled
one from the other).
The retarded solution h¯µν(x
o, ~x)
◦
= 4G
c4
∫
d3x
′ Tµν(xo−|~x−~x′ |,~x′)
|~x−~x′ | allows to define:
i) the gravito-electric or Newton potential h¯oo = −ǫ 4c2 ΦGEM determined by ρ = T oo/c2
as the effective gravitational charge density;
ii) the gravito-magnetic vector potential (the shift functions) of Ref. [16,31] h¯oi =
ǫ 2
c2
AGEM i determined by j
i = T oi/c as the effective gravitational current density;
iii) to disregard at the lowest order the 3-metric h¯ij = O(c
−4).
As shown in Ref. [31], in the harmonic gauge the gravito-electro-magnetic 4-potential
(ΦGEM , ~AGEM) satisfies the Lorentz gauge condition
∂oΦGEM + ~∂ · (1
2
~AGEM) = 0. (4.5)
The factor 1
2
derives from the fact that the effective gravito-magnetic charge (QB = 2Msource)
is twice the gravito-electric charge (QE = Msource). The gravito-electro-magnetic fields are
33
~EGEM = −~∂ΦGEM − ∂o(12 ~AGEM), ~BGEM = ~∂ × ~AGEM
def
= c ~ΩGEM : in the harmonic gauge
(harmonic coordinates) they satisfy Maxwell equations
~∂ · ~EGEM = 4πGρ, ~∂ · (1
2
~BGEM) = 0,
~∂ × ~EGEM = −∂o(1
2
~BGEM), ~∂ × (1
2
~BGEM) = ∂o ~EGEM +
4πG
c
~j, (4.6)
and one can consider as electro-magnetic-like gauge transformations the residual coordinate
freedom.
In this approximation the GEM fields are determined only by the matter and vanish in
absence of matter, viz. they are independent from the physical degrees of freedom (like ra¯,
πa¯) of the gravitational field.
If we consider solutions of the homogeneous equations ✷h¯µν
◦
=0, ∂ν h¯
µν = 0, they are
used to describe gravitational waves h¯µν = aµνe
ikαxα (aµν = const., kµk
µ = 0, aµνk
ν = 0) as
the only independent degrees of freedom of the gravitational field. The residual freedom of
coordinate transformations in the harmonic gauge may be used to get a
′
µν = aµν − cµ kν −
cν kµ +
4ηµν cα c
α with a
′
oν = a
′
µo = 0 and a
′
µ
µ = a
′
i
i = 0 through the choice bµ = −i cµ eikαxα
(solution of ✷ bµ = 0). In this completely fixed harmonic gauge (with non-diagonal 3-metric),
named TT gauge, only two independent degrees of freedom (polarization states) survive:
they are the counterpart of ra¯, πa¯ of our completely fixed 3-orthogonal radiation gauge with
πφ(τ, ~σ) = 0. If k
µ = (0; 0, ω
c
, ω
c
), the only non-zero a
′
µν of the transverse gravitational wave
are a
′
xx, a
′
yy = −a′xx, a′xy = a′yx, and we get ds2 = ǫ
[
(dxo)2− (1+ fxx) dx2−2 fxy dxdy− (1−
fxx) dy
2− dz2
]
with e+ = fxx = a
′
xx cos (
ω
c
(z− xo) +ϕ), e× = fxy = a′xy cos (ωc (z− xo)+ψ).
In this gauge the lapse and shift functions n, ni are all zero and there is no GEM potential
(ΦGEM , ~AGEM) coming from the transverse gravitational wave.
Let us remark that in the electro-magnetic case on Minkowski space-time with Cartesian
coordinates the radiation gauge Ao = ~∂ · ~A = 0, with the transverse fields ~A⊥, ~E⊥ as the only
physical degrees of freedom (DO’s), is a particular case (name it gauge T) of the Lorentz
gauge ∂µAµ = 0, obtainable with a Λ = −i c ei k·x with k2 = 0 from ✷Λ = 0. Instead, the 4-
coordinate system on the post-Minkowskian space-times connected with our radiation gauge
for the gravitational waves is different from the 4-coordinate system which is reinterpreted
as the TT harmonic gauge of the spin-2 theory on the background Minkowski space-time
with Cartesian coordinates.
Instead in our non-harmonic radiation 3-orthogonal gauge with πφ(τ, ~σ) = 0, even in
absence of matter the shift functions do not vanish and we can define
i) a vanishing gravito-electric potential Φ
(rad)
GEM(τ, ~σ) = 0 +O(r
2
a¯);
ii) a gravito-magnetic vector potential ~A
(rad)
GEM(τ, ~σ) = {−ǫ c
2
2
nr(τ, ~σ)} determined by the
shift functions;
iii) a gravito-electric field ~E
(rad)
GEM(τ, ~σ) = −∂τ [12 ~A(rad)GEM(τ, ~σ)] = −ǫ c
2
4
∂τ nr(τ, ~σ) also de-
termined by the shift functions.
iv) a gravito-magnetic field ~B
(rad)
GEM(τ, ~σ) =
~∂ × ~A(rad)GEM(τ, ~σ) def= c ~Ω(rad)GEM(τ, ~σ), with
~Ω
(rad)
GEM(τ, ~σ) = {Ω(rad)GEM,r = c−1 ǫruv ∂nv∂σu } the gravito-magnetic precession angular velocity
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(connected with the precessional effects of Lense-Thirring or dragging of the inertial sys-
tems) again determined by the shift functions.
Since we are not in a harmonic gauge the Lorentz condition is not satisfied ~∂ ·(1
2
~A
(rad)
GEM) 6=
0. The analogy with Maxwell equations is partially lost in our completely fixed (radiation)
gauge: while the equations deriving from the existence of the potential ~∂ · (1
2
~B
(rad)
GEM) = 0
and ~∂ × ~E(rad)GEM = −∂τ (12 ~B(rad)GEM) hold, the other two are not satisfied: ~∂ · ~E(rad)GEM 6= 0, ~∂ ×
(1
2
~B
(rad)
GEM) 6= ∂τ ~E(rad)GEM . This shows how the gravito-electric-magnetic analogy is coordinate
dependent.
Finally, the coordinate transformation (a passive 4-diffeomorphism) from the Σ(WSW )τ -
adapted 4-coordinates τ, ~σ of our completely fixed gauge to the 4-coordinates xµ = xµ(τ, ~σ)
of the standard harmonic TT gauge and the relation between the DO’s ra¯(τ, ~σ) and the TT
polarizations e+, e× can be obtained as solution of the following system of partial differential
equations:
4gµν(x) =
∂xµ
∂σA
∂xν
∂σB
4gAB(τ, ~σ),
4gµν =


ǫ 0 0 0
0 −ǫ e+ −ǫ e× 0
0 −ǫ e× +ǫ e+ 0
0 0 0 −ǫ

 , (4.7)
with 4gAB given by Eqs.(3.7).
If we write xµ(τ, ~σ) = fµ(τ, ~σ) + gµ(τ, ~σ) with fµ = O(1) and gµ = O(ra¯) and if we
require the asymptotic behaviour fµ(τ, ~σ)→|~σ|→∞ x(∞)µ(0)+uµ(PADM) τ + ǫr µ(u(PADM)) σr
with uµ(p) = pµ/
√
ǫ p2, then we get that
i) the four equations with 4goo = ǫ,
4goi = 0 can be solved to give
∂xµ
∂τ
in terms of ∂xµ
∂σr
;
ii) the system of partial differential equations4g13 =
4g23 = 0,
4g33 = −ǫ and 4g11 = −4g22
have to be used for the determination of the ~σ-dependence of the four functions xµ(τ, ~σ);
iii) the use of the solution of point ii) inside point i) allows to find ∂xµ
∂τ
and then, by
integration, the functions xµ(τ, ~σ);
iv) finally the equations e+ = −ǫ 4g11 and e× = −ǫ 4g12 give the two polarizations e+, e×
in terms of the Dirac observables ra¯(τ, ~σ).
C. Connection with the Post-Newtonian Approximation.
The standard post-Newtonian approximation [32] is applied to the gravitational field
created by an isolated compact object, like the Earth, described by an energy-momentum
tensor T µν [T oo = O(c2), T oi = O(c), T ij = O(co)]. It is a weak field (4g = 4η + 4h) near
zone approximation giving corrections to Newton gravity.
Following Ref. [33], if V = GM
R
is the Newton potential of the compact object (of massM
and radial dimensions Ro ≤ R), the post-Newtonian (PN) expansion of the 4-metric 4gµν is a
series in the dimensionless parameter ζ ≈
√
V
c2
≈ R
cT
(T is a characteristic time of variation of
the source). The 1PN approximation keeps the following terms in 4gµν :
4goo = ǫ+
aoo
c2
+ boo
c4
,
4goi =
aoi
c3
, 4gij = −ǫδij + aijc2 .
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In Ref. [32] the PN approximation was given in a PN 4-coordinate system (adiabatic
approximation of a Robertson-Walker line element appropriate to a homogeneous isotropic
cosmological model containing the compact object), defined as a local, quasi-Cartesian 4-
coordinate system at rest respect to the universe rest frame and in a standard PN gauge
where the 4-metric has the form (we use the notation of Σ(WSW )τ -adapted coordinates)
19
4gττ = ǫe
− 2ǫ
c2
V = ǫ[1− 2ǫ
c2
V +O(c−4)],
4gτr = −4ǫ
c2
Vr +O(c
−4),
4grs = −ǫ 3grs = −ǫ δrs (1 + U
c2
) +O(c−4), (4.8)
with U = V in the standard PN gauge. Here V is the Newton potential generated by the
compact object.
Now our 4-coordinate system, in our completely fixed Hamiltonian gauge, is by definition
in the rest frame of the universe (rest-frame instant form). In presence of matter, the
linearization condition (as we will show in a future paper on tetrad gravity plus a perfect
fluid, where it will be shown that both the lapse and shift functions depend on matter so
that n 6= 0)) requires TAB = O(ra¯) and we have
4gττ = ǫ [(−ǫ+ n)2 − 3grs nrns] = ǫ(1− 2ǫ n[matter]) +O(r2a¯),
4gτr = −ǫ 3grs ns = −ǫ nr[ra¯, matter] +O(r2a¯),
4grs = −ǫ 3grs = −ǫ δrs (1 + kr[ra¯, matter]) +O(r2a¯),
φ = [det 3g]1/12 = (1 +
U
4c2
) +O(r2a¯). (4.9)
Therefore, in our gauge the Newton potential is the lapse function, V = c2 n[matter] (and
the equation determining the lapse tends to the Poisson equation), the gravito-magnetic
potentials are the shift functions, Vr = 4c
2 nr[ra¯, matter], and the Lichnerowicz equation
for the conformal factor φ amounts to a determination of U , which may not coincide with
the Newton potential like it happens in the standard PN gauge. By solving the linearized
equations for the DO’s (see next Section), ✷ ra¯ = Za¯[matter], i.e. by considering their
19In Refs. [34,33] there are various definitions of 4-coordinate systems. The standard PN gauge is
said to correspond to the conditions ∂s
4gτs− 12 ∂τ 4gss = O(c−5), ∂s 4grs− 12 (4gss− 4gττ ) = O(c−4).
Instead the algebraic spatial isotropy condition of Ref. [33], −4gτ¯ τ¯ 4g˜rs = δrs + O(c−4), contains
both the harmonic and the standard post-Newtonian gauges. Finally a ADM Hamiltonian gauge,
needed to include 2.5PN gravitational radiation reaction, is 3K = 0, ∂s
3grs − 13 ∂r 3gss = 0.
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Lienard-Wiechert retarded solution without incoming free radiation, we can recover a form
like the one of Eqs.(4.8), which does not depend explicitly on the DO’s ra¯
20.
Let us now consider the relation of our linearized radiation gauge with Ref. [35], where
the Galileo generally covariant formulation of Newtonian gravity, depending on 27 fields,
was obtained as a limit c → ∞ on the ADM action of metric gravity.
The final action of Ref. [35] with general Galileo covariance depends on the 26 fields Ao,
αo, Ar, αr,
3gˇrs, γˇrs, βˇrs (after having put the field Θ = 1 by rescaling the absolute time) .
There are 18 first class constraints and 8 pairs of second class ones. It turns out that αo, Ar,
αr, three components of
3gˇrs, one component of the momentum conjugate to
3gˇrs, the trace
βˇT and the longitudinal βˇLr parts of βˇrs in its TT decomposition, and the longitudinal γˇ
L
r part
of γˇrs are Hamiltonian gauge variables, while Ao (the Newton potential) and the remaining
components of 3gˇrs, γˇrs, βˇrs are determined, together with their conjugate momenta, by
the second class constraints. There are no propagating dynamical degrees of freedom. The
gauge variables describe the inertial forces in arbitrary accelerated non-Galilean reference
frames.
To make a comparison with the results of Sections 6 and 7 of Ref. [35] the starting point
is the following parametrization of the 4-metric of Eq.(3.7) (we show only the 26 terms which
appear in the Newtonian action)
4gττ = ǫ [1− 2Ao
c2
+
2αo
c4
+O(c−6)] =
= ǫ (1− 2ǫ n) +O(r2a¯),
4gτr = ǫ [Ar +
αr
c2
+O(c−4)] = −ǫ nr +O(r2a¯),
4grs = −ǫ 3grs = −ǫ[3gˇrs + γˇrs
c2
+
βˇrs
c4
+O(c−6)] =
= −ǫ δrs (1 + kr) +O(r2a¯),
⇓
n[matter] = ǫ [
Ao
c2
+
αo
c4
+O(c−6, r2a¯)],
nr[ra¯, matter] = −Ar − 1
c2
αr +O(c
−4, r2a¯),
20Let us also remark that strictly speaking to reach Newton gravity one usually performs a double
limit: i) the zero-curvature limit ra¯, πa¯ → 0, eliminating the genuine degrees of freedom of the
gravitational field, which do not exist in Newtonian gravity; ii) the 1/c expansion. However the
zero curvature limit is not consistent with Einstein’s equations with matter and must be replaced
(in a linearized theory) with the restriction of the DO’s ra¯, πa¯ to the Lienard-Wiechert solution.
Then the 1/c expansion will kill the curvature for c→∞.
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δrs (1 + kr[ra¯, matter]) =
3gˇrs +
γˇrs
c2
+
βˇrs
c4
+O(c−6, r2a¯). (4.10)
Instead the PN approximation (4.8) implies
Ao = ǫV, Ar = 0, αr = −4Vr, 3gˇrs = δrs, γˇrs = U δrs, (4.11)
which are consistent with the gauge freedom of Ref. [35] (it is a possible gauge of the general
Galileo covariant description of Newtonian gravity).
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V. THE HAMILTON EQUATIONS AND THEIR SOLUTION.
In this Section we shall study the Hamilton equations in the preferred 3-orthogonal
gauge and we will verify that their solution produces a linearized solution of Einstein’s
equations. Since, as said in the Introduction, the admissible WSW hyper-surfaces must
admit a generalized Fourier transform, we shall use it on our linearized WSW hyper-surfaces
(where it coincides with the ordinary Fourier transform on R3 at the lowest order) to study
the Hamilton equations.
As said in the Introduction, in the rest frame instant form of dynamics on WSW hyper-
surfaces the Dirac Hamiltonian is HD = EˆADM+~λ(τ)· ~ˆPADM . However we can add the gauge
fixings JˆτrADM ≈ 0 [i.e. the vanishing of the weak ADM boost generators of Eq.(A12)] to
the three first class constraints Pˆ rADM ≈ 0 with the consequence ~λ(τ) = 0. This means that
we have to eliminate the internal 3-center of mass of the universe (it is put in the centroid
xµ(∞)(τ) near spatial infinity used as origin of the 3-coordinates on WSW hyper-surfaces),
i.e. 3 pairs of global degrees of freedom among the DO’s ra¯(τ, ~σ), πa¯(τ, ~σ), reducing them to
canonical variables relative to the internal 3-center of mass.
Like in the case of Klein-Gordon and electro-magnetic fields and like for every isolated
system treated in the rest frame instant form [5], we should find the canonical transformation
from the canonical variables ra¯(τ, ~σ), πa¯(τ, ~σ) to a canonical basis containing the canonical
internal 3-center of mass QrADM , weakly equal to the Møller internal 3-center of energy
RrADM = −JˆτrADM/EˆADM , Pˆ rADM(≈ 0) as the conjugate momentum, and the internal relative
variables Ra¯, Πa¯. Usually [36,37], like in the Klein-Gordon case, we should start with a
naive 3-center of mass XrADM , conjugate to Pˆ
r
ADM , we should find the canonical variables
R
′
a¯, Π
′
a¯ relative to it and then we should use the Gartenhaus-Schwartz transformation to find
[36] the canonical variables with respect to QrADM . Then we should add the gauge fixings
QrADM ≈ RrADM = −JˆτrADM/EˆADM ≈ 0, which put the internal 3-centers in the centroid xµ(∞)
origin of the 3-coordinates on the WSW hyper-surfaces and implies HD = EˆADM , to the
rest-frame condition Pˆ rADM ≈ 0 and we should go to Dirac brackets with the result Ra¯ ≡ R′a¯,
Πa¯ ≡ Π′a¯. Presumably also the final relative variables have to satisfy Eqs.(C2).
However, since also the determination of the naive 3-center of mass XrADM of gravity is
not trivial, we will fix this final gauge freedom simply by putting equal to zero the Dirac
multipliers, ~λ(τ) = 0 as a pre-gauge fixing condition compatible with JˆτrADM ≈ 0.
We can now study the Hamilton equations for the independent canonical degrees of
freedom ra¯(τ, ~σ), πa¯(τ, ~σ) of the gravitational field, only restricted by Eqs.(2.15), in our
completely fixed 3-orthogonal gauge generated by the Hamiltonian EˆADM of Eq.(3.1). These
Hamilton equations replace the equations ✷h¯µν = 0, ∂ν h¯
µν = 0 of the standard linearized
theory in the harmonic gauge coordinates.
A. The First Half of Hamilton Equations.
The first half of the Hamilton equations associated with the Hamiltonian (3.1) yield the
following expression for the velocities ∂τra¯(τ, ~σ)
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∂τra¯(τ, ~σ)
◦
= {ra¯(τ, ~σ), EˆADM} = 24πG
c3
πa¯(τ, ~σ) +
+
24πG
c3
∑
u,r,b¯,(a)
δ(a)u
[
γa¯uγb¯r
∫
d3σ1T (o)u(a)r (~σ, ~σ1)πb¯(τ, ~σ1) +
+ γa¯rγb¯u
∫
d3σ1πb¯(τ, ~σ1)T (o)u(a)r (~σ1, ~σ)
]
+
+
12πG
c3
∑
u,r,s,b¯
γa¯rγb¯s
[∑
(a)
∫
d3σ1T (o)u(a)r (~σ, ~σ1)
∫
d3σ2T (o)u(a)s (~σ1, ~σ2) +
+
∑
v(a)(b)
(δ(a)vδ(b)u − δ(a)uδ(b)v)
∫
d3σ1T (o)u(a)r (~σ, ~σ1)
∫
d3σ2T (o)v(b)s (~σ1, ~σ2)
]
πb¯(τ, ~σ2) +
+
1
L
O(r2a¯). (5.1)
By using the expression of T (o)u(a)r given in the last two lines of Eqs.(2.13) it can be
checked that the two terms linear in the T ’s vanish due to a factor δ(a)u(1 − δ(a)u). After
some calculations it turns out that the two terms bilinear in the T ’s give the same result,
so that the final expression for the velocities is
∂τra¯(τ, ~σ)
◦
=
24πG
c3
πa¯(τ, ~σ) +
6πG
c3
∑
b¯rs
γa¯rγb¯s
∑
uv,u 6=v
[1− 2(δur + δvr)][1− 2(δus + δvs)]
∫ σu
−∞
dσu1
∫ σu1
−∞
dσu2
∫ ∞
σv
dσv1
∫ ∞
σv1
dσv2
∂4πb¯(τ, σ
u
2σ
v
2σ
k 6=u,v)
(∂σr2)
2(∂σs2)
2
+
1
L
O(r2a¯). (5.2)
In obtaining this result we have made integrations by parts justified by the asymptotic
vanishing of πa¯(τ, ~σ) and we have used ∂xθ(x, y) = −∂yθ(x, y), ∂xδ(x, y) = −∂yδ(x, y) as-
sumed valid on linearized conformally flat WSW hyper-surfaces.
To invert these equations, to get the momenta in terms of the velocities, we shall assume
the validity of the Fourier transform on the linearized WSW CMC-hyper-surfaces. They
are conformal to R3, i.e. they are Euclidean plus corrections of order O(ra¯), irrelevant
when acting on the functions ra¯(τ, ~σ), πa¯(τ, ~σ); for the scalar product we have
3gˆrsk
rhs =
~k ·~h+O(ra¯). As a consequence functions of order O(ra¯) are considered as functions over R3
at the lowest order of approximation.
By using the Fourier transform defined in Appendix C, Eqs.(5.2) become Eqs.(C4)
∂τ r˜a¯(τ,~k) =
∑
b¯
Aa¯b¯(~k)π˜b¯(τ,~k), (5.3)
with the matrix Aa¯b¯(~k) and its inverse given in Eqs.(C5) and (C6), respectively. Let us
remark that, notwithstanding Aa¯b¯(~k) diverges for k
r → 0, Eqs.(5.3) are well defined if
π˜a¯(τ,~k)→~k→0 (k1k2k3)2+ǫ f˜a¯(~k), ǫ > 0. This condition is stronger of the requirement (C2),
i.e. of the Fourier transform of Eqs.(2.15).
As a consequence we get [ǫa¯b¯ = −ǫb¯a¯, ǫ1¯2¯ = 1]
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π˜a¯(τ,~k) =
∑
b¯
A−1
a¯b¯
(~k)∂τ r˜a¯(τ,~k),
πa¯(τ, ~σ) =
∑
b¯
∫
d3σ1Ga¯b¯(~σ − ~σ1)∂τrb¯(τ, ~σ1),
Ga¯b¯(~σ − ~σ1) =
∫ d3k
(2π)3
A−1
a¯b¯
(~k)ei
~k·(~σ−~σ1) =
= − c
3
8πG
∫
d3w1d
3w2d
3w3
(4π)3|~σ − ~w1| |~w1 − ~w2| |~w2 − ~w3|
[
δa¯b¯
∂6δ3(~w3 − ~σ1)
(∂w13)
2(∂w23)
2(∂w33)
2
+
+
1
2
∑
r,s,t,c¯,d¯
ǫa¯c¯γc¯rǫb¯d¯γd¯s(2δtr − 1)(2δts − 1)
∂6δ3(~w3 − ~σ1)
(∂wr3)
2(∂ws3)
2(∂wt3)
2
]
. (5.4)
The final result of the inversion is
πa¯(τ, ~σ) = − c
3
8πG
∫
d3σ1d
3σ2d
3σ3
(4π)3|~σ − ~σ1| |~σ1 − ~σ2| |~σ2 − ~σ3|[ ∂6∂τra¯(τ, ~σ3)
(∂σ13)
2(∂σ23)
2(∂σ33)
2
+
+
1
2
∑
r,s,t,b¯,c¯,d¯
ǫa¯c¯γc¯rǫb¯d¯γd¯s(2δtr − 1)(2δts − 1)
∂6∂τrb¯(τ, ~σ3)
(∂σr3)
2(∂σs3)
2(∂σt3)
2
]
. (5.5)
Eqs.(5.5) satisfies the condition (2.15) automatically.
B. The Second Half of Hamilton Equations.
Let us now study the second half of Hamilton equations associated with the Hamiltonian
(3.1). After some calculations we get
∂τπa¯(τ, ~σ)
◦
= {πa¯(τ, ~σ), EˆADM} =
=
c3
24πG
∑
r
∂2ra¯(τ, ~σ)
∂(σr)2
− c
3
12πG
∑
r,b¯
γa¯rγb¯r
∂2rb¯(τ, ~σ)
(∂σr)2
−
− c
3
48πG
∑
b¯rs
γa¯rγb¯s
∫ d3σ1
4π|~σ − ~σ1|
∂4rb¯(τ, ~σ1)
(∂σr1)
2(∂σs1)
2
+
c3
GL2
O(r2a¯). (5.6)
The Fourier transform of Eqs.(5.6) is given in Eqs. (C7) and (C8), with the remarkable
result ∂τ π˜a¯(τ,~k)
◦
= − |~k|2 ∑b¯ A−1a¯b¯ (~k) r˜a¯(τ,~k).
This implies
∫∞
−∞ dσ
r ra¯(τ, ~σ) = 0, i.e. Eq.(2.16), as the simplest way to get consistency
between Eqs. (5.6) and (2.15).
Let us remark that, as shown in Eqs. (D9) of Appendix D, our Hamilton equations imply
the satisfaction of the remaining Einstein equations 4Rˆrs(τ, ~σ)
◦
=0.
Eqs. (5.4) and (5.6) imply
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∂2τ ra¯(τ, ~σ)
◦
=
24πG
c3
∂τπa¯(τ, ~σ) +
+
6πG
c3
∑
b¯rs
γa¯rγb¯s
∑
uv,u 6=v
[1− 2(δur + δvr)][1− 2(δus + δvs)]
∫ σu
−∞
dσu1
∫ σv
−∞
dσv1
∫ ∞
σu1
dσu2
∫ ∞
σv1
dσv2(∂
2
r∂
2
s∂τπb¯)(τ, σ
u
2 , σ
v
2 , σ
k 6=u,v) +
+
1
L
O(r2a¯),
⇓
✷ra¯(τ, ~σ) = [∂
2
τ −
∑
r
∂2r ]ra¯(τ, ~σ)
◦
=
◦
=
1
2
∑
b¯ru
γa¯r(4γb¯r − γb¯u)
∫
d3σ1
4π|~σ − ~σ1|
∂4rb¯(τ, ~σ1)
(∂σr1)
2(∂σu1 )
2
+
+
1
8
∑
b¯rs
∑
c¯tw
∑
uv
(−2δb¯c¯ + 4γb¯tγc¯t − γb¯tγc¯w)γa¯rγb¯s(1− δuv)[1− 2(δur + δvr)]
[1− 2(δus + δvs)]
∫ σu
−∞
dσu1
∫ σv
−∞
dσv1
∫ ∞
σu1
dσu2
∫ ∞
σv1
dσv2
∫
d3σ3
[(∂3r)
2(∂3s)
2(∂3w)
2(∂3t)
2rc¯](τ, ~σ3)
4π
√
(σu3 − σu2 )2 + (σv3 − σv2)2 + (σk 6=u,v3 − σk 6=u,v)2
+
1
L2
O(r2a¯). (5.7)
As shown in Appendix C, Eq.(C10), all the terms in the second member of Eq.(5.7)
cancel, so that we find that the DO’s ra¯(τ, ~σ) satisfy the wave equation. Actually, as shown
in Eq.(C10), the Fourier transform of the equation of motion is
¨˜ra¯(τ,~k) + |~k|2r˜a¯(τ,~k) = 0,
⇓
✷ ra¯(τ, ~σ)
◦
=0. (5.8)
Therefore, in our radiation gauge we get the wave equation ✷ ra¯(τ, ~σ)
◦
=0 for the DO’s.
Notwithstanding the presence of gravito-magnetism, which, as said, should imply the
anisotropy of light propagation, we get an isotropic propagation of gravitational waves in
the radiation gauge.
The complicated form (3.1), (C13), of the weak ADM energy shows that in our gauge we
do not have the conventional description of a massless spin two particle over Minkowski
space-time like in the TT harmonic gauge. This fact is connected with the lack of a
coordinate-independent notion of gravitational energy density, which has no counterpart
in the theory of massless spin two particles in Minkowski space-time. Instead we will see in
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Eqs.(5.11) and (5.12) that the weak ADM 3-momentum and angular momentum do admit
a standard particle interpretation.
The solutions of the Hamilton equations for the DO’s ra¯(τ, ~σ) and πa¯(τ, ~σ) are given in
Eq.(C11), (C12)
ra¯(τ, ~σ) =
∫
d3k
(2π)3
(
Ca¯(~k)e
−i |~k|τ + C∗a¯(−~k)ei |~k|τ
)
e+i
~k·~σ,
πa¯(τ, ~σ) =
∫ d3k
(2π)3
π˜a¯(τ,~k) e
i~k·~σ =
∫ d3k
(2π)3
∑
b¯
A−1
a¯b¯
∂τ r˜b¯(τ,~k) e
i~k·~σ,
=
∫ d3k
(2π)3
∑
b¯
A−1
a¯b¯
(~k)
[
− i|~k|Cb¯(~k)e−i|~k|τ + i|~k|C ∗¯b (−~k)ei|~k|τ
]
ei
~k·~σ,
(5.9)
with the functions Ca¯(~k) vanishing as (k
1 k2 k3)ǫ for kr → 0.
C. Special Solutions for the Background-Independent Gravitational Waves.
Special solutions are the following plane waves whose 3-momentum ~h cannot lie in any
coordinate plane [~h 6= ~0; (1, 0, 0); (0, 1, 0); (0, 0, 1); (1, 1, 0); (1, 0, 1); (0, 1, 1)]
ra¯(τ, ~σ) = Ca¯ e
i (~h·~σ−|~h| τ), Ca¯ = const.,
r˜a¯(τ,~k) = (2π)
3Ca¯ e
−i |~h| τ δ3(~k −~h),
πa¯(τ, ~σ) = −i |~h|
∑
b¯
A−1
a¯b¯
(~h)Cb¯ e
i(~h·~σ−|~h| τ),
π˜a¯(τ,~k) = −i (2π)3 |~h|
∑
b¯
A−1
a¯b¯
(~h)Cb¯ e
−i |~h| τ δ3(~k −~h), π˜a¯(τ,~0) = 0,
(5.10)
which verify Eqs. (2.15) and (2.16). Here πa¯ has been evaluated with Eq.(5.5) and Eqs.(C4)
and (C7) are valid also at ~k = 0.
Hoever these solutions do not satisfy the rest frame conditions Pˆ rADM ≈ 0, which restrict
the solutions to globally outgoing or ingoing wave packets.
Before looking for these solutions, we shall give the form of the weak ADM charges
(A12) in the radiation gauge with our solution of the constraints (see Eqs.(3.1) and (C13)
for EˆADM). The weak ADM 3-momentum and spin of Eqs.(A12) assume the same simple
form in terms of Fourier transformed quantities as for free massless fields due to the fact
that we are in an instant form of dynamics. This is not true for the ADM boosts, which
have a complicated form like the ADM energy.
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For the 3-momentum, due to exact cancellations, we get
Pˆ rADM = −
∫
d3σ
∑
c¯
[
∂r rc¯(τ, ~σ)−
− γc¯r
(
−∑
a¯u
γa¯u
∫
d3σ1
∂21u ra¯(τ, ~σ1)
4π |~σ − ~σ1| − 2
∑
a¯
γa¯r ∂r ra¯(τ, ~σ)
)]
πc¯(τ, ~σ) +
+
∫
d3σd3σ1
∑
c¯s
(
γc¯s
[∑
u
1√
3
(1
2
∑
a¯m
γa¯m ∂r
∫
d3σ2
∂22m ra¯(τ, ~σ2)
4π |~σ − ~σ1| +
∑
a¯
γa¯u ∂r ra¯(τ, ~σ)
)
δu(a) T (o)u(a)s (~σ, ~σ1) +
+
∑
uv
(
δru
1√
3
(1
2
∑
a¯m
γa¯m ∂v
∫
d3σ2
∂22m ra¯(τ, ~σ2)
4π |~σ − ~σ1| +
∑
a¯
γa¯u ∂v ra¯(τ, ~σ)
)
+
+ δrv
1√
3
(1
2
∑
a¯m
γa¯m ∂u
∫
d3σ2
∂22m ra¯(τ, ~σ2)
4π |~σ − ~σ1| +
∑
a¯
γa¯v ∂u ra¯(τ, ~σ)
) )
δu(a) T (o)v(a)s (~σ, ~σ1)
])
πc¯(τ, ~σ1) =
= −
∫
d3σ
∑
c¯
πc¯(τ, ~σ) ∂r rc¯(τ, ~σ) =
= i
∫
d3k
(2π)3
∑
c¯
π˜c¯(τ,~k) k
r r˜c¯(τ,−~k), (5.11)
where we used T (o)u(u)s = 0, see Eq.(2.13).
For the angular momentum, due to similar cancellations, we get
JˆrsADM =
∫
d3σ
∑
c¯
πc¯(τ, ~σ) (σ
r ∂s − σs ∂r) rc¯(τ, ~σ) =
= −
∫
d3k
(2π)3
∑
c¯
π˜c¯(τ,~k)
(
kr
∂
∂ks
− ks ∂
∂kr
)
r˜c¯(τ,−~k). (5.12)
Eqs. (5.11) and (5.12) reflect the fact that we are in an instant form of the dynamics.
Instead for the boosts we get a complicated expression like for the energy (see Eqs.(2.13)
for the kernels)
JˆτrADM = ǫ
∫
d3σ σr
( c3
16π G
[1
3
∑
r
(1
2
(∑
a¯m
γa¯m ∂r
∫
d3σ2
∂22m ra¯(τ, ~σ2)
4π |~σ − ~σ1|
)2 −
−∑
a¯
(
∂r ra¯(τ, ~σ)
)2
+
∑
a¯m
γa¯m ∂r
∫
d3σ2
∂22m ra¯(τ, ~σ2)
4π |~σ − ~σ1|
∑
b¯
γb¯r ∂r rb¯(τ, ~σ) +
+ 2
(∑
b¯
γb¯r ∂r rb¯(τ, ~σ)
)2)]− 6πG
c3
[
2
∑
a¯
π2a¯(τ, ~σ) +
+ 4
∑
b¯u
γb¯u πb¯(τ, ~σ)
∫
d3σ1
∑
m
δu(a) T (o)u(a)m(~σ, ~σ1)
∑
a¯
γa¯m πa¯(τ, ~σ1) +
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+
∫
d3σ1d
3σ2
(∑
u
∑
m
T (o)u(a)m(~σ, ~σ1)
∑
a¯
γa¯m πa¯(τ, ~σ1)
∑
s
T (o)u(a)s (~σ, ~σ2)
∑
b¯
γb¯s πb¯(τ, ~σ2) +
+
∑
uv
(δu(b) δ
v
(a) − δu(a) δv(b))
∑
m
T (o)u(a)m(~σ, ~σ1)
∑
a¯
γa¯m πa¯(τ, ~σ1)
∑
s
T (o)v(b)s (~σ, ~σ2)
∑
b¯
γb¯s πb¯(τ, ~σ2)
)])
−
− ǫ c
3
8πG
∫
d3σ
∑
uv
δru (δuv − 1)
1
3
(
− 1
4
∑
a¯m
γa¯m ∂u
∫
d3σ2
∂22m ra¯(τ, ~σ2)
4π |~σ − ~σ1| +
+
∑
a¯
(γa¯v − γa¯u) ∂u ra¯(τ, ~σ)
)
(
−∑
a¯n
γa¯n
∫
d3σ2
∂22n ra¯(τ, ~σ2)
4π |~σ − ~σ1| + 2
∑
b¯
γb¯u rb¯(τ, ~σ)
)
=
= ǫ
∫
d3σσr
( c3
16πG
∑
s
[2(∂sq(τ, ~σ))
2 − 1
3
∑
b¯
(∂srb¯(τ, ~σ))
2 +
− 2√
3
∂sq(τ, ~σ)
∑
b¯
γb¯s∂srb¯(τ, ~σ) +
2
3
(
∑
b¯
γb¯s∂srb¯)
2(τ, ~σ)]− 12πG
c3
[
∑
a¯
π2a¯(τ, ~σ) +
+ 4
∫
d3σ1
∫
d3σ2
∑
u,m,s,(a)
T (o)u(a)m(~σ, ~σ1)
∑
b¯
γb¯mπb¯(τ, ~σ1)T (o)u(a)s (~σ, ~σ2)
∑
c¯
γc¯sπc¯(τ, ~σ2)]
)
+
− ǫ c
3
8πG
∫
d3σ
∑
v
(δrv − 1)(2q + 2√
3
∑
a¯
γa¯rra¯)(
1
2
∂rq +
1√
3
∑
b¯
(γb¯v − γb¯r)∂rrb¯)(τ, ~σ) +
+ O(r3a¯). (5.13)
The weak ADM 3-momentum of the solutions (5.9), (C11), has the form
Pˆ rADM = 2
∑
b¯c¯
∫
d3k
(2π)3
A−1
c¯b¯
(~k) |~k| kr Cb¯(~k)C∗c¯ (~k) ≈ 0, (5.14)
so that its vanishing is a condition on the Fourier coefficients Ca¯(~k), which, for instance,
cannot be satisfied by the plane waves (5.10).
A class of solutions of the Hamilton equations with the correct vanishing behaviour at
spatial infinity, which, besides Eqs.(C2), also satisfies the rest frame condition Pˆ rADM = 0 is
obtained by taking coefficients Ca¯(~k) = Ca¯
(k1k2k3)2
|~k| e
−~k2 (Ca¯ = const.) in Eq.(5.9)
ra¯(τ, ~σ) = Ca¯
∫
d3k
(2π)3
(k1k2k3)
2
|~k| e
−~k2 [e−i(|~k| τ−~k·~σ) + ei(|~k| τ−~k·~σ)] =
= − 4Ca¯
(2π)2
∂2
∂2σ1
∂2
∂2σ2
∂2
∂2σ3
(1 + |~σ|2 − τ 2)
[1 + (|~σ|+ τ)2] [1 + (|~σ| − τ)2] ,
πa¯(τ, ~σ) = −i
∫
d3k
(2π)3
(k1k2k3)
2
|~k| e
−~k2
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|~k|∑
b¯
A−1
a¯b¯
(~k)Cb¯
[
e−i(|
~k| τ−~k·~σ) − ei(|~k| τ−~k·~σ)
]
,
nr(τ, ~σ) = i
√
3
4πG
c3
∑
a¯vuc
γa¯v(1− δuc)[1− 2(δuv + δcv)][1− 2(δur + δcr)]
∫ d3k
(2π3)
(k1k2k3)
2e−
~k2 krk
2
v
k2uk
2
c
∑
b¯
A−1
a¯b¯
(~k)Cb¯ sin (|~k| τ)ei~k·~σ,
EˆADM =
∑
a¯b¯
αa¯b¯Ca¯Cb¯,
Pˆ rADM = 0,
JˆrADM =
1
2
ǫruv JˆuvADM =
∑
a¯b¯
βra¯b¯Ca¯Cb¯. (5.15)
The two constants C1¯, C2¯ have to be expressed in terms of the two boundary constants
M = EˆADM , S = | ~ˆJADM | defining the mass and spin of the post-Minkowskian Einstein
space-time. The solution (5.15) goes like |~σ|−8 for |~σ| → ∞, i.e. much faster than the
behaviour (1.2). It should be possible to find solutions saturating Eqs.(1.2), namely such
that by using Eqs.(3.7) we should get 3grs →r→∞ (1+ EˆADM2 r )δrs, nr = −ǫ 4gτr →r→∞ O(r−ǫ).
By comparison, in presence of compact matter the expected solution should have a post-
Newtonian behaviour 4gττ →r→∞ 1 − 2Mr , 4gτr →r→∞ 4ǫruvSu σ
v
r3
, 4grs →r→∞ (1 + 2Mr )δrs
(see Eq.(19.5) of Ref. [22]).
Therefore, in absence of matter, the rest-frame condition destroys the transversality prop-
erty of the TT harmonic gauge plane waves.
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VI. THE TIME-LIKE GEODESICS, THE GEODESIC DEVIATION EQUATION
AND THE POLARIZATION OF GRAVITATIONAL WAVES IN THE
RADIATION GAUGE.
A. The Geodesic Equation.
Let us consider a time-like geodesic with affine parameter s, σA(s) =
(
τ(s); σu(s)
)
.
After the linearization in the radiation gauge the geodesic equation becomes (see Eqs.(C16)
of Appendix C for Fourier transforms)
d2τ(s)
ds2
= −4Γˆτrs(σ(s))
dσr(s)
ds
dσs(s)
ds
+O(r2a¯),
d2σu(s)
ds2
= −∂τnu(σ(s))(dτ(a)
ds
)2 − 2 4Γˆuτr(σ(s))
dτ(s)
ds
dσr(s)
ds
− 3Γˆurs(σ(s))
dσr(s)
ds
dσs(s)
ds
+
+ O(r2a¯), (6.1)
where Eq.(D5) has to be used for the Christoffel symbols.
If we parametrize the geodesic as σA(s) = aA+ bAs+ fA(s|ra¯, πa¯], where aA+ bA s is the
flat geodesic, we get at the lowest order d
2fτ (s)
ds2
≈ −brbs 4Γˆτrs(σ(s)) +O(r2a¯) ≈ −brbs 4Γˆτrs(a+
bs) +O(r2a¯). Therefore the solution to the first of Eqs.(6.1) is
τ(s) = aτ + bτs−
∫ s
0
ds1
∫ s1
0
ds2
4Γˆτru(a+ bs2)b
rbu
pτ (s) =
dτ(s)
ds
= bτ −
∫ s
0
ds2
4Γˆτru(a+ bs2)b
rbu with 4Γˆτru(a+ bs2) ∼ O(ra¯). (6.2)
Since the tangent pA(s) = dσ
A(s)
ds
to the geodesic must satisfy either 4gAB pA pB = ǫ (time-
like geodesic with s as proper time) or 4gAB pA pB = 0 (null geodesic) at the initial time, the
constant bτ is determined in terms of the br’s and of the initial data. Therefore we will have
bτ = bτ(o) + b
τ
(1) with b
τ
(1) = O(ra¯). Therefore Eq.(6.2) may be rewritten in the form
τ(s) = aτ + [bτ(o) + b
τ
(1)] s−
∫ s
0
ds1
∫ s1
0
ds2
4Γˆτru(a+ b(o)s2)b
rbu
pτ (s) =
dτ(s)
ds
= bτ(o) + b
τ
(1) −
∫ s
0
ds2
4Γˆτru(a + b(o)s2) b
rbu. (6.3)
The spatial part of Eqs.(6.1) becomes
d2fu(s)
ds2
= −∂τnu(a+ b(o)s)(bτ(o))2 − 2 4Γˆuτr(a + b(o)s)bτ(o)br − 3Γˆurt(a+ b(o)s)brbt +O(r2a¯)
σu(s) = au + bu −
∫ s
0
ds1
∫ s1
0
ds2
[
(bτ(o))
2 − 2 4Γˆuτr(a+ b(o)s2)bτ(o) br − 3Γˆurt(a+ b(o)s2)brbt
]
pu(s) =
dσu(s)
ds
= bu −
∫ s
0
ds2
[
(bτ(o))
2 − 2 4Γˆuτr(a+ b(o)s2)bτ(o) br − 3Γˆurt(a+ b(o)s2)brbt
]
.
(6.4)
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In the time-like case at s = 0, where τ(0) = aτ , we have the condition
4gABp
ApB|s=0 = ǫ
[
(pτ (s))2 − 2nr(s, ra¯(s))pr(s)pτ (s)− [δrt − ǫ4hrt(s, ra¯(s))pr(s)pt(s)]
]
|s=0 =
= ǫ,
1 = (bτ )2 − 2bτbrnr(aτ , ra¯(aτ ))− [δrt − ǫ4hrt(aτ , ra¯(aτ ))brbt], at s = 0, (6.5)
whose solution is
bτ = bτ(o) + b
τ
(1) = b
rnr(a, ra¯(a))±
√
(brnr(aτ , ra¯(aτ )))2 + 1 + [δrt − ǫ4hrt(aτ , ra¯(aτ ))] brbt,
bτ(o) = ±
√
1 + δrsbrbs,
bτ(1) = nr(a
τ , ra¯(a
τ )) br ∓ ǫ
2
4hrt(a
τ , ra¯(a
τ ))brbt√
1 + δrsbrbs
+O(r2a¯). (6.6)
If we choose br = 0, we can take the solution f τ (s) = 0 so that we get τ(s) = aτ +
bτs→bτ=1 s+ aτ .
With the choice bτ = 1, br = 0, aτ = 0, we get τ(s) = s and d
2fu(s)
ds2
= −∂τnu(τ(s), ~σ(s) =
~a + ~f(s)) = 0 at the lowest order, with the solution fu(s) = − ∫ s ds′nu(s′, ar) + O(r2a¯).
Therefore, with bτ = 1, br = 0, aτ = 0 we get the following expression for the geodesics
σA(s) =
(
τ(s) = s; σu(s) = au −
∫ s
0
dw nu(w, a
v)
)
+O(r2a¯),
dσA(s)
ds
=
(
1; −nu(s, av)
)
+O(r2a¯). (6.7)
This is the trajectory of a massive test particle in our coordinates.
B. The Geodesic Deviation Equation.
If we consider two nearby freely falling particles following two nearby geodesics (6.7)
such that σA1 (0) = (0;~0) and σ
A
2 (0) = (0; a
u) with an infinitesimal au, we get for △xA(s) =
σA2 (s) − σA1 (s): △xτ (s) = 0, △xr(s) ≈ [δru −
∫ s
0 dw
∂nr(w,av)
∂au
] au. If au = δur a is their
coordinate distance, then their proper distance is △l =
√
−ǫ 4gAB△xA△xB = △xr
√
3grr =
(1 + 1
2
kr)△xr + O(r2a¯) ≈ [1 + 12kr −
∫ s
0 dw
∂nr(w,av)
∂ar
] a + O(r2a¯) by using Eqs.(3.7) [in a TT
harmonic gauge one gets △l ≈ [1 + hTTrr ] a if r is one of the two polarization directions].
As a consequence the connecting vector △xA(s) satisfies
△xτ (s) = 0, d
2△xr(s)
ds2
= − d
ds
(∂nr(s, av)
∂au
)
au. (6.8)
This is the geodesic deviation equation along the geodesic σA1 (s) of the form (6.7): it
shows explicitly the action of the tidal forces in our 4-coordinate system. More in general,
by using the equation
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dσC(s)
ds
4∇C△xA(s) = d△x
A(s)
ds
+
dσC(s)
ds
4ΓˆACE(s, a
u)△xE(s) +O(r2a¯) =
=
d△xA(s)
ds
+ 4ΓˆAτE(s, a
u)△xE(s) +O(r2a¯), (6.9)
the geodesic deviation equation [22,24] takes the form
dσB(s)
ds
4∇B
(dσC(s)
ds
4∇C△xA(s)
)
= −4RˆABCD(σ(s))△xC(s)dσ
B(s)
ds
dσD(s)
ds
,
⇓
d2△xA(s)
ds2
+ 2 4ΓˆAτE(s, a
u)
d△xE(s)
ds
+
d 4ΓˆAτE(s, a
u)
ds
△xE(s) = −4RˆAτCτ (s, au)△xC(s),
⇓
d2△xτ (s)
ds2
= 0 +O(r2a¯), ⇒ △xτ (s) = cs+ d,
d2△xr(s)
ds2
+ 2
[
4Γˆrττ (s, a
u)c+ 4Γˆrτs(s, a
u)
d△xs(s)
ds
+
d 4Γˆrττ (s, a
u)
ds
(cs+ d) +
+
d 4Γˆrτs(s, a
u)
ds
△xs(s) = −4Rˆrτsτ (s, au)△xs(s) +O(r2a¯). (6.10)
If we take △xτ (s) = 0 as it happens for the geodesic (6.7), i.e. c = d = 0, the geodesic
deviation equation becomes
d2△xr(s)
ds2
+ 2 4Γˆrτs(s, a
u)
d△xs(s)
ds
+
d 4Γˆrτs(s, a
u)
ds
△xs(s) =
= −4Rˆrτsτ (s, au)△xs(s) +O(r2a¯). (6.11)
If we write △xr(s) = △(o)xr(s) +△(1)xr(s), with △(o)xr(s) = (o; au) the flat deviation
and △(1)xr(s) =
(
0;− ∫ s0 dw [nu(w, av)− nu(w,~0)]) ≈ (0;− ∫ s0 dw ∂nu(w,av)∂av |av=0 av
)
= O(ra¯),
Eq.(6.11) becomes
d2
ds2
(
△(o)xr(s) +△(1)xr(s)
)
=
d2△(1)xr(s)
ds2
=
= −2 4Γˆrτs(s, au)
d△(o)xs(s)
ds
− d
4Γˆrτs(s, a
u)
ds
△(o)xs(s)−
−4Rˆrτsτ (s, au)△(o)xs(s) +O(r2a¯). (6.12)
The use of Eqs.(D5) and (D7) allows to check that Eq.(6.12) coincides with Eq.(6.8).
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C. The Tidal Forces Generated by the DO’s on Test Particles.
Eq.(6.8) can be used to see the effect of the tidal forces generated by the two DO’s
ra¯(τ, ~σ) of our radiation gauge, replacing the two polarizations of the TT harmonic gauge,
on a sphere of test particles surrounding a test particle sitting in the origin (τ = 0;~σ = ~0)
at s = 0 and described by the geodesic σAo (s) = (s; σ
u
o (s) = −
∫ s
0 dw n
u(w,~0) ). If we define
au = a ηu with 3guv η
u ηv = 1+O(ra¯) and a << 1 (the radius of the sphere), the test particles
on the sphere at s = 0 will follow the geodesics σA(s) = (s; σu(s) = a ηu− ∫ s0 dw nu(s, a ηv) ).
The connecting vectors △xA(s) = △(o)xA(s) +△(1)xA(s) = σA(s)− σAo (s) satisfy Eq.(6.8),
namely
△xτ (s) = 0, d
2△(1)xr(s)
ds2
= − d
ds
(∂nr(s, av)
∂av
|av=0
)
a ηv +O(r2a¯). (6.13)
We have to solve these equations with the shift functions (3.5) evaluated on the solutions
(5.15), which are not transverse plane waves due to the rest frame conditions (this forces us
to consider a sphere of test particles).
The quasi-Shanmugadhasan canonical basis (1.2) adapted to our gauge is not unique,
because there is still the freedom associated with the numerical constants γa¯r (their variation
amounts to a redefinition of the DO’s). As a consequence of the conditions stated after
Eqs.(1.5), the γa¯r’s may be written in term of an angle ψ with 0 ≤ ψ ≤ 2π
γ1¯r =
(cos ψ√
6
− sinψ√
2
,
cos ψ√
6
+
sinψ√
2
, −
√
2
3
cos ψ
)
,
γ2¯r =
(
− cos ψ√
2
− sinψ√
6
,
cos ψ√
2
− sinψ√
6
,
√
2
3
cos ψ
)
. (6.14)
By defining the DO’s, i.e.our polarizations, with the convention ψ = 0, we get γ1¯r =
1√
6
(1, 1,−2), γ2¯r = 1√2 (−1, 1, 0). Then Eqs.(3.7) imply
−ǫ 3gˆ(1¯)rs (τ, ~σ) = δrs + 4h(1¯)rs (τ, ~σ)def= δrs [1 + k(1¯)r (τ, ~σ)] +O(r2a¯),
k1¯1(τ, ~σ) = k
1¯
2(τ, ~σ) = −ǫ
√
2
3
[r1¯(τ, ~σ)− 1
2
∫
d3σ1
(∂21,1 + ∂
2
1,2 + ∂
2
1,3) r1¯(τ, ~σ1)
4π|~σ − ~σ1| ],
k1¯3(τ, ~σ) = −ǫ
√
2
3
[−2r1¯(τ, ~σ)− 1
2
∫
d3σ1
(∂21,1 + ∂
2
1,2 + ∂
2
1,3) r1¯(τ, ~σ1)
4π|~σ − ~σ1| ],
−ǫ 3gˆ(2¯)rs (τ, ~σ) = δrs + 4h(2¯)rs (τ, ~σ)def= δrs [1 + k(2¯)r (τ, ~σ)] +O(r2a¯),
k2¯1(τ, ~σ) = −ǫ
√
2
3
[−r2¯(τ, ~σ) + 1
2
∫
d3σ1
(∂21,1 − ∂21,2) r1¯(τ, ~σ1)
4π|~σ − ~σ1| ],
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k2¯2(τ, ~σ) = −ǫ
√
2
3
[r2¯(τ, ~σ) +
1
2
∫
d3σ1
(∂21,1 − ∂21,2) r1¯(τ, ~σ1)
4π|~σ − ~σ1| ],
k2¯3(τ, ~σ) = −ǫ
√
2
3
[0 +
1
2
∫
d3σ1
(∂21,1 − ∂21,2) r1¯(τ, ~σ1)
4π|~σ − ~σ1| ]. (6.15)
If we consider our (non transverse) solution given by the wave packet (5.15) and we solve
Eqs.(6.13) numerically for a sphere of particle at rest around the origin of the 3-coordinates
on a WSW hyper-surface, we obtain the two 3-dimensional deformation patterns replacing
the usual 2-dimensional ones for the polarization in the TT harmonic gauge:
i) in figure 1 there is the deformation pattern for the case C1¯ 6= 0, C2¯ = 0, namely for
r1¯(τ, ~σ) 6= 0, r2¯(τ, ~σ) = 0;
ii) in figure 2 there is the deformation pattern for the case C1¯ = 0, C2¯ 6= 0, namely for
r1¯(τ, ~σ) = 0, r2¯(τ, ~σ) 6= 0.
In the two figures are reported the snapshots at three different times (t = −1,−0.5, 0) of the
sphere of particles originally at rest (bottom) and the time evolution (from t = −3 to t = 3)
of the six particles at the intersection of the three axes and the sphere of particle (top),
whose initial 3-coordinates are (1, 0, 0) and (−1, 0, 0) on the x-axis, (0, 1, 0) and (0,−1, 0)
on the y-axis, (0, 0, 1) and (0, 0,−1) on the z-axis, respectively. Since a particle on a x axis
will remain on the same axes during the evolution, only the x coordinates are reported for
the two particles on x axes. The same representation rule has been applied for the particles
lying on the other axes.
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FIG. 1. Deformation of a sphere of particle at rest induced by the passage of the gravitational
wave packet of Eq. (5.15) for C1¯ 6= 0, C2¯ = 0.
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FIG. 2. Deformation of a sphere of particle at rest induced by the passage of the gravitational
wave packet of Eq. (5.15) for C1¯ = 0, C2¯ 6= 0.
D. A Relativistic Harmonic Oscillator as a Resonant Detector.
Let us remark that in a TT harmonic gauge the basic idealization of a test resonant
detector on the Earth for gravitational waves is a non-relativistic damped harmonic oscillator
[22,24]. Given two equal masses m located along the r axis at the positions r1(t) and r2(t),
connected by a massless spring with spring constant k, damping constant ν and unstretched
length lo, one considers the proper extension l(t) =
∫ r2(t)
r1(t)
dt
√
1 + hTTrr (t) ≈ [1 + 12 hTTrr (t)] lo
in the metric of the gravitational wave and defines ξ = l− lo ≈ r2− r1− lo + 12 hTTrr (r2− r1).
This leads to modify the equation of motion d
2ξ
dt2
+ 2γ dξ
dt
+ ω2o ξ = 0 (ω
2
o = 2k/m, γ = ν/m),
valid in absence of gravitational radiation, to
d2ξ
dt2
+ 2γ
dξ
dt
+ ω2o ξ =
1
2
lo
d2hTTrr
dt2
. (6.16)
This same equation can be obtained as a consequence of the tidal force at the lowest order
from the geodesic deviation equation [24], by considering the center of mass of the detector
as moving along a geodesic and by identifying ξ with the spatial part of the connecting
vector △xA(s) with △xτ (s) = 0 (ξ is twice the connecting vector from the center of mass
to one of the masses). Note that due to the additional force terms the nearby world-line is
no more a geodesic.
Let us try to generalize this resonant detector to special relativity and to see the effect on
it of our post-Minkowskian gravitational wave. As shown in Ref. [36], there is a description
of the relativistic 2-body problem on arbitrary space-like hyper-surfaces Στ , leaves of a
3+1 splitting of Minkowski space-time. If zµ(τ, ~σ) is the embedding of Στ into Minkowski
space-time, the two positive energy scalar particles are described by 3-coordinates ηri (τ),
i = 1, 2, on Στ , such that x
µ
i (τ) = z
µ(τ, ~ηi(τ)) and by the conjugate momenta κir(τ).
When the hyper-surfaces are the Wigner hyper-planes, orthogonal to the total 4-momentum
of the 2-body system, we know how to replace the canonical coordinates ~ηi, ~κi with: i)
the canonical internal relativistic center of mass ~q+ and its conjugate momentum ~κ+ ≈
0 (it is vanishing since we are in the rest-frame instant form of dynamics); ii) relative
coordinates ~ρ and ~π. Even if we do not know explicitly how to express the old basis ~ηi,
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~κi in terms of the new basis due to the non-linearity of the canonical transformation, we
are able to evaluate the Hamiltonian for the relative motion in the rest frame. In the free
case it is H =
√
m21 + 2~π
2 +
√
m22 + 2~π
2. We can add action-at-a-distance interactions
either inside the square roots (DrozVincent - Komar - Todorov (DVKT) models [38]), H =√
m21 + V (~ρ
2) + 2~π2 +
√
m22 + V (~ρ
2) + 2~π2, or outside them (like the Coulomb potential for
charged particles [39]), H =
√
m21 + 2~π
2 +
√
m22 + 2~π
2 + U(~ρ2). Due to the square roots
we cannot find explicitly the Lagrangian and the Euler-Lagrange equations for the relative
motion in the rest frame, except in the special equal mass case. For m1 = m2 = m we get
[36] L = −m
√
4− ~˙ρ2 and an interaction of the DVKT type is introduced by the replacement
m 7→M =
√
m2 + V (~ρ2). The Euler-Lagrange equations are
d
dτ
M ~˙ρ√
4− ~˙ρ2
◦
=
√
4− ~˙ρ2
M
V
′
(~ρ2) ~ρ, V
′
(~ρ2) =
dV (~ρ2)
d ~ρ2
,
or
~¨ρ
◦
=
4− ~˙ρ2
m2 + V (~ρ2)
V
′
(~ρ2) [~ρ− 1
2
~ρ · ~˙ρ ~˙ρ]. (6.17)
For V = −m
2
k ~ρ2 (relativistic harmonic oscillator), the non-relativistic limit of these equa-
tions becomes ~¨ρ+ ω2o ~ρ = 0. A damping term −ν ~˙ρ may be added by hand.
Like in the non-relativistic case, we can adapt this relativistic model, in the case of a
test 2-body system, to curved space-time: i) the relativistic center of mass moves along
a geodesic Γ, with 4-coordinates σA(s); ii) the relative variable ~ρ is the connecting vec-
tor in Στ to a nearby (non-geodesic) world-line Γ1. However, since Στ is a Rieman-
nian 3-manifold, the flat vector ~ρ has to be reinterpreted as the field of tangent vec-
tors to the 3-geodesic joining Γ to Γ1 on each Στ [40]: if θ
r(s, ζ) is a 3-geodesic with
affine parameter ζ 21 such that Γ is θr(s, 0) and Γ1 is θ
r(s, 1), then we replace V (~ρ2(τ))
with V (R2(s)), where R2(s) = ∫ 10 dζ ∂θr(s,ζ)∂ζ 3grs(τ, θ(s, ζ)) ∂θs(s,ζ)∂ζ (it is independent from
ζ because the tangent vector ∂θ
r(s,ζ)
∂ζ
is parallel transported along the 3-geodesic). Analo-
gously we make the replacements ~ρ · ~˙ρ 7→ R1(s) = ∫ 10 dζ ∂θr(s,ζ)∂ζ 3grs(τ, θ(s, ζ)) ∂2θs(s,ζ)∂s ∂ζ and
~˙ρ
2 7→ R2(s) = ∫ 10 dζ ∂2θr(s,ζ)∂s ∂ζ 3grs(τ, θ(s, ζ)) ∂2θs(s,ζ)∂s ∂ζ .
By identifying ρr(τ) 7→ △σr(s), ρ˙r(τ) 7→ d△σr(s)
ds
, ~¨ρ
r 7→ d2△σr(s)
ds2
, and by adding the force
terms (damping included) of Eqs.(6.17) in the geodesic deviation equation (6.9) we get
d2△xr(s)
ds2
+
[
2 4Γˆrτs(s) +
4−R2(s)
m2 + V (R2(s)) V
′
(R2(s)) (ν + 1
2
R1(s))
] d△xs(s)
ds
+
+
[d 4Γˆrτs(s)
ds
+ 4Rˆrτsτ(s)− 4−R2(s)
m2 + V (R2(s)) V
′
(R2(s))
]
△xs(s) = 0. (6.18)
21 ∂
2θr(s,ζ)
∂ζ2
+ 3Γˆruv(θ(s, ζ))
∂θu(s,ζ)
∂ζ
∂θv(s,ζ)
∂ζ = 0 with the 3-Christoffel symbol of Eqs.(D1).
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This is the post-Minkowskian counterpart in our coordinates of the non-relativistic equation
(6.16) of the TT harmonic gauge.
For very small |~ρ| we can make the approx-
imations R2 ≈ ∂θr(s,ζ)
∂ζ
|ζ=0 3grs(σA(s)) ∂θs(s,ζ)∂ζ |ζ=0, R1 ≈ ∂θ
r(s,ζ)
∂ζ
|ζ=0 3grs(σA(s)) ∂2θs(s,ζ)∂s ∂ζ |ζ=0,
R2 ≈ ∂2θr(s,ζ)∂s ∂ζ |ζ=0 3grs(σA(s)) ∂
2θs(s,ζ)
∂s ∂ζ
|ζ=0: this is a pole-dipole approximation of the test
2-body problem.
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VII. THE EMBEDDING OF THE WSW HYPER-SURFACES, THE ASSOCIATED
CONGRUENCE OF TIME-LIKE OBSERVERS AND THE NULL GEODESICS.
A. The Post-Minkowskian WSW Hyper-surfaces.
The WSW triads 3e
(WSW ) r
(a) (τ, ~σ)→|~σ|→∞ δr(a), parallel transported from spatial infinity
on the linearized WSW CMC hyper-surface, and the associated cotriads 3e
(WSW )
(a)r (τ, ~σ)
22
are the solution of Eqs.(A18), whose linearized form is
∂r
(√
γˆ 3e
(WSW )r
(a)
)
(τ, ~σ) = ∂r
3e
(WSW )r
(a) (τ, ~σ) + 3δ
r
(a)∂rq(τ, ~σ) +O(r
2
a¯) = 0,
∂1
3e
(WSW )
(2)3 (τ, ~σ) + ∂3
3e
(WSW )
(1)2 (τ, ~σ) + ∂2
3e
(WSW )
(3)1 (τ, ~σ) =
=
[
3Γˆ213 +
3Γˆ132 +
3Γˆ321
]
(τ, ~σ) +O(r2a¯) = 0 +O(r
2
a¯), (7.1)
where Eqs.(D1) have been used.
These equations imply
3e
(WSW ) r
(a) (τ, ~σ) = f
r
(a)⊥(τ, ~σ) +
√
3
2
δr(a)
∑
a¯u
γa¯u
∫
d3σ1
∂21u ra¯(τ, ~σ1)
4π |~σ − ~σ1| ,
∂r f
r
(a)⊥(τ, ~σ) = 0, f
r
(a)⊥(τ, ~σ)→|~σ|→∞ δr(a),
∂1 f
3
(2)⊥ + ∂3 f
2
(1)⊥ + ∂2 f
1
(3)⊥ = 0 +O(r
2
a¯),
⇒ f r(a)⊥ = δr(a) + (δrs +
∂r ∂s
△ ) g(a)s, (7.2)
with g(a)s arbitrary. The simplest solution is to take g(a)s = 0, so that the WSW triads are
3e
(WSW )r
(a) = δ
r
(a)
[
1 +
√
3
2
∑
a¯u
γa¯u
∫
d3σ1
∂21u ra¯(τ, ~σ1)
4π |~σ − ~σ1|
]
. (7.3)
Eqs.(A19), allow to find the associated WSW adapted tetrads (preferred ADM Eulerian
observers or asymptotic fixed stars giving a local compass of inertia to be compared with
local (Fermi-Walker transported or not) gyroscopes)
4
(Σ)
ˇ˜E
(WSW )A
(o) (τ, ~σ) = −ǫ
(
1; −nr(τ, ~σ)
)
,
4
(Σ)
ˇ˜E
(WSW )A
(a) (τ, ~σ) =
(
0; 3e
(WSW ) r
(a) (τ, ~σ)
)
. (7.4)
Once the WSW triads are known, Eqs.(A20) and (A21) give the embedding of the lin-
earized WSW CMC hyper-surfaces into the linearized space-time
223e
(WSW ) r
(a) =
3gˆrs 3e
(WSW )
(a)s = −ǫδrs 3e
(WSW )
(a)s + 2ǫδ
r
(a)[q +
2√
3
∑
a¯ γa¯rra¯] +O(r
2
a¯).
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zµ(WSW )(τ, ~σ) = x
µ
(∞)(0) + b
µ
A(τ, ~σ)F
A(τ, ~σ),
F τ (τ, ~σ) = −ǫτ,
F s(τ, ~σ) = 3e
(WSW ) s
(a) (τ, ~σ)δ(a)rσ
r + ǫτns(τ, ~σ), (7.5)
with the transition coefficients bµA =
∂zµ
(WSW )
∂σA
solution of the linear partial differential equa-
tions
FB(τ, ~σ)
∂bµB(τ, ~σ)
∂σA
=
(
δBA −
∂FB(τ, ~σ)
∂σA
)
bµB(τ, ~σ). (7.6)
In adapted coordinates Eqs.(7.5) of the embedding of linearized WSW CMC hyper-
surfaces Στ become
zA(WSW )(τ, ~σ) = x
A
(∞)(0) + F
A(τ, ~σ), (7.7)
with zτ(WSW )(τ, ~σ) = x
τ
(∞)(0) − ǫ τ . The time-like evolution vector is zµ(WSW )τ (τ, ~σ) =
(
−
ǫ; [ǫ nr + ǫ τ ∂τ nr + ∂τ
3e
(WSW )r
(a) σ
a](τ, ~σ)
)
.
B. Congruences of Timelike Observers.
In Eqs.(3.9) we have the expression of the Σ(WSW )τ -adapted tetrads and cotetrads. In par-
ticular there is the expression for the contra- and co-variant normals, lA(τ, ~σ) and lA(τ, ~σ), to
Σ(WSW )τ . The associated 4-velocity field defines a (non-rotating, surface forming) congruence
of time-like observers orthogonal to Σ(WSW )τ , using the parameter τ , labeling the leaves of
the foliation, as evolution parameter 23. Let us remark that τ is not in general the proper
time of any observer of the congruence.
As for any congruence, we have the decomposition (PAB =
4gAB − lA lB)
4∇A lB = lA aB + 1
3
ΘPAB + σAB + ωAB,
aA = lB 4∇B lA, 4− acceleration,
23This is the hyper-surface point of view according to Ref. [41]. Instead, the threading point of
view is a description involving only a rotating congruence of observers (like the one which can be
built with the 4-velocity field associated to zA(WSW )τ (τ, ~σ)) : since this congruence, being rotating,
is not surface-forming (non-zero vorticity), in each point we can only divide the tangent space in
the direction parallel to the 4-velocity and the orthogonal complement (the local rest frame). On
the other hand, the slicing point of view, originally adopted in ADM canonical gravity, uses two
congruences: the non-rotating one with the normals to Στ as 4-velocity fields and a second (rotating,
non-surface-forming) congruence of observers, whose 4-velocity field is the field of time-like unit
vectors determined by the τ derivative of the embeddings identifying the leaves Στ (the so-called
evolution vector field). Furthermore, it uses the affine parameter describing the world-lines of this
second family of observers as Hamiltonian evolution parameter.
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Θ = 4∇A lA, scalar (volume) rate of expansion,
σAB =
1
2
(aA lB + aB lA) +
1
2
(4∇A lB + 4∇B lA)− 1
3
ΘPAB,
rate of shear tensor (withmagnitude σ2 =
1
2
σABσ
AB),
ωAB = −ωBA = ǫABCD ωC lD = 1
2
(aA lB − aB lA) + 1
2
(4∇A lB − 4∇B lA) = 0,
twist or vorticity tensor, ωA =
1
2
ǫABCD ωBC lD = 0, vorticity vector. (7.8)
Θ is the expansion (it measures the average expansion of the infinitesimally nearby world-
lines surrounding a given world-line in the congruence), σAB the shear (it measures how an
initial sphere in the tangent space to the given world-line, which is Lie transported along
lA, will distort toward an ellipsoid with principal axes given by the eigenvectors of σAB
with rate given by the eigenvalues of σAB) and ωAB the twist or vorticity (it measures the
rotation of the infinitesimally nearby world-lines surrounding the given one); σAB and ωAB
are purely spatial (σABl
B = ωABl
B = 0). Due to the Frobenius theorem, the congruence
is (locally) hyper-surface orthogonal if and only if ωAB = 0. The equation
1
l
lA ∂A l =
1
3
Θ
defines a representative length l along the world-line of lA, describing the volume expansion
(contraction) behaviour of the congruence completely.
The linearized acceleration of the observers vanishes (i.e. at the lowest level we get
inertial observers) so that there is no gravito-electric force on test particles in the sense of
Ref. [41] (geodesic in local rest frame)
aA = lB ∂B l
A + 4ΓABC l
BlC = (0;−∂τ nr + 4Γrττ ) +O(r2a¯) = 0 +O(r2a¯). (7.9)
By using Eqs.(D5) we get 4∇A lB = −4ΓCAB lC = ǫ 4ΓτAB + O(r2a¯). The expansion of the
congruence is
Θ = 4∇A lA = ∂A lA + 4ΓAAB lB = ǫ~∂ · ~n− ǫ ~∂ · ~n +O(r2a¯) = 0 +O(r2a¯). (7.10)
The shear is not zero so that there is gravito-magnetism on test particles in the sense of
Ref. [41] (geodesic in local rest frame)
σAB =
1
2
(aA lB + aB lA) +
1
2
(4∇A lB + 4∇B lA) = ǫ 4ΓτAB +O(r2a¯), (7.11)
while the vorticity vanishes (the congruence is surface forming)
ωAB =
1
2
(aA lB − aB lA) + 1
2
(4∇A lB − 4∇B lA) = 0 +O(r2a¯). (7.12)
If xA~σo(τ) is the time-like world-line, in adapted coordinates, of the observer crossing the
leave Στo at ~σo, we have
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xA~σo(τ) =
(
τ ; ~ρ~σo(τ)
)
=
=
(
τo − ǫ [zτ(WSW )(τ, ~ρ~σo(τ) )− zτ(WSW )(τo, ~σo)];
σro + z
r
(WSW )(τ, ~ρ~σo(τ) )− zr(WSW )(τo, ~σo)
)
,
xA~σo(τo) =
(
τo;~σo
)
, ~ρ~σo(τo) = ~σo. (7.13)
The effective trajectory ~ρ~σo(τ) is determined by solving the equations ~ρ~σo(τ) = ~σo +
~z(WSW )(τ, ~ρ~σo(τ) )− ~z(WSW )(τo, ~σo) with ~z(WSW ) given by Eq.(7.7). The 4-velocity x˙A~σo(τ) =
dxA
~σo
(τ)
dτ
satisfies
lA~σo(τ) = l
A(τ, ~ρ~σo(τ)) =
x˙A~σo(τ)√
4gBC(x~σo(τ)) x˙
B
~σo
(τ) x˙C~σo(τ)
, (7.14)
with the observer acceleration given by aA~σo(τ) =
dlA
~σo
(τ)
dτ
= 0 +O(r2a¯), a
A
~σo(τ) l~σo A(τ) = 0.
Since x˙τ~σo(τ) = τ , x˙
r
~σo(τ) = O(ra¯), we get
4gAB x˙
A
~σo x˙
B
~σo = ǫ + O(r
2
a¯), namely that to this
order τ is the proper time of any observer of the congruence.
Yet, the ADM canonical formalism gives us an additional information. Actually, on each
space-like hyper-surface Σ(WSW )τ of the foliation, there is a privileged contravariant space-like
direction identified by the lapse and shift gauge variables
NA(τ, ~σ) = 1| ~N(τ, ~σ)|
(
0;nr(τ, ~σ)
)
=
(
0;nr(τ, ~σ)
)
+O(r2a¯),
NA(τ, ~σ) = | ~N(τ, ~σ)|
(
1;
Nr(τ, ~σ)
| ~N(τ, ~σ)|2
)
=
(
|~n(τ, ~σ)|;nr(τ, ~σ)
)
+O(r2a¯),
NA(τ, ~σ) lA(τ, ~σ) = 0, N µ(τ, ~σ)Nµ(τ, ~σ) = −ǫ,
| ~N(τ, ~σ)| =
√
(3grsN rN s)(τ, ~σ) = |~n(τ, ~σ)|+O(r2a¯). (7.15)
If 4-coordinates exist, corresponding to an on-shell complete Hamiltonian gauge fixing,
such that the vector field identified by NA(τ, ~σ) on each Σ(WSW )τ is surface-forming (zero
vorticity 24), then each Στ can be foliated with 2-surfaces, and the 3+1 splitting of space-
time becomes a (2+1)+1 splitting corresponding to the 2+2 splittings studied by Stachel
and d’Inverno [42].
We have therefore a natural candidate for one of the three spatial triads of each observer:
EA~σo (N )(τ) = NA~σo(τ) = NA(τ, ~ρ~σo(τ)). By means of lA~σo(τ) = lA(τ, ~ρ~σo(τ)) and NA~σo(τ), we
can construct two null vectors at each space-time point
24This requires that NA dσA is a closed 1-form, namely that we have ∂τ nr = ∂r |~n| + O(r2a¯) and
∂r ns = ∂s nr +O(r
2
a¯). In turn, this requires nr = ∂r f +O(r
2
a¯) with ∂τ f = |~n|+ const. Our gauge
has a non-surface forming NA.
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KA~σo(τ) =
√
|~n|
2
(
lA~σo(τ) +NA~σo(τ)
)
=
√
1
2
(
lA~σo(τ) +NA~σo(τ)
)
+O(r2a¯),
LA~σo(τ) =
1√
2 |~n|
(
lA~σo(τ)−NA~σo(τ)
)
=
1√
2
(
lA~σo(τ)−NA~σo(τ)
)
+O(r2a¯). (7.16)
and then we can arrive at a null tetrad of the type used in the Newman-Penrose formalism
[43]. The last two axes of the spatial triad can be chosen as two space-like circular complex
polarization vectors Eµ~σo (±)(τ), like in electromagnetism. They are built starting from the
transverse helicity polarization vectors Eµ~σo (1,2)(τ), which are the first and second columns
of the standard Wigner helicity boost generating Kµ~σo(τ) from the reference vector
◦Kµ~σo(τ) =
| ~N |
(
1; 001
)
.
Let us call E
(ADM)µ
~σo (α)
(τ) the ADM tetrad formed by lµ~σo(τ), N µ~σo(τ), Eµ~σo (1,2)(τ). This tetrad
will not be in general Fermi-Walker transported along the world-line xµ~σo(τ) of the observer.
Another possible (but only on-shell) choice of the spatial triad together with the unit
normal to Σ(WSW )τ is the local WSW (on-shell) compass of inertia defined in Eqs.(7.4). This
local compass corresponds to the standard of non rotation with respect to the fixed stars and
its τ -evolution, dictated by Einstein’s equations, does not correspond to the FW transport,
which is defined independently from them using only local geometrical and group-theoretical
concepts. The WSW local compass of inertia corresponds to pointing to the fixed stars with
a telescope and is needed in a satellite like Gravity Probe B to detect the frame dragging
(or gravito-magnetic Lense-Thirring effect) of the inertial frames by means of the rotation
with respect to it of a FW transported gyroscope.
Given the 4-velocity lA~σo(τ) = E
A
~σo(τ) of the observer, the observer spatial triads E
A
~σo (a)
(τ),
a = 1, 2, 3, have to be chosen in a conventional way, namely by means of a conventional as-
signment of an origin for the local measurements of rotations. Usually, the choice corresponds
to Fermi-Walker (FW) transported (gyroscope-type transport, non-rotating observer) tetrads
E
(FW )A
~σo (α)
(τ), such that (we show also the implication of the linearization)
D
Dτ
E
(FW )A
~σo (a)
(τ) = Ω
(FW )
~σo
A
B(τ)E
(FW )B
~σo (a)
(τ) = lA~σo(τ) a~σo B(τ)E
(FW )B
~σo (a)
(τ) = 0 +O(r2a¯),
Ω
(FW )
~σo
AB(τ) = aA~σo(τ) l
B
~σo(τ)− aB~σo(τ) lA~σo(τ). (7.17)
The triad E
(FW )A
~σo (a)
(τ) is the correct relativistic generalization of global Galilean non-rotating
frames. Naturally any other choice of the triads (Lie transport, co-rotating-FW transport,...)
is possible. A generic triad EA~σo (a)(τ) will satisfy
D
Dτ
EA~σo (a)(τ) = Ω~σo
A
B(τ)E
B
~σo (a)
(τ) with
ΩAB~σo = Ω
(FW )AB
~σo
+ Ω
(SR)AB
~σo
with the spatial rotation part Ω
(SR)AB
~σo
= ǫABCD l~σo C J~σoD,
JA~σo l~σoA = 0, producing a rotation of the gyroscope in the local space-like 2-plane orthogonal
to lA~σo and J
A
~σo .
In the linearized theory on the WSW hyper-surfaces of our gauge FW transport implies
no τ -dependence for the triads E
(FW )A
~σo (a)
(τ). Neither the ADM tetrads nor the WSW tetrads
(7.4) are FW transported.
See Ref. [41] for the description of a geodesics yµ(τ), the world-line of a scalar test
particle, from the point of view of those observers γ~σo,y(τ) in the congruence which intersect
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it, namely such that at τ it holds xµ~σo,y(τ)(τ) = y
µ(τ). The family of these observers is called
a relative observer world 2-sheet in Ref. [41].
C. The Null Geodesics, the Deformed Light-Cone and the Eikonal.
The solution of Eqs.(6.1) for null geodesics has still the form
τ(s) = aτ + [bτ(o) + b
τ
(1)] s−
∫ s
0
ds1
∫ s1
0
ds2
4Γˆτru(a+ b(o)s2)b
rbu
σu(s) = au + bu −
∫ s
0
ds1
∫ s1
0
ds2
[
(bτ(o))
2 − 2 4Γˆuτr(a + b(o)s2)bτ(o) br − 3Γˆurt(a+ b(o)s2)brbt
]
with
pτ (s) =
dτ(s)
ds
= bτ(o) + b
τ
(1) −
∫ s
0
ds2
4Γˆτru(a + b(o)s2) b
rbu,
pu(s) =
dσu(s)
ds
= bu −
∫ s
0
ds2
[
(bτ(o))
2 − 2 4Γˆuτr(a+ b(o)s2)bτ(o) br − 3Γˆurt(a+ b(o)s2)brbt
]
, (7.18)
but now at s = 0 we have
4gABp
ApB|s=0 = ǫ
[
(pτ (s))2 − 2nr(s, ra¯(s))pr(s)pτ (s)− [δrt − ǫ4hrt(s, ra¯(s))pr(s)pt(s)]
]
|s=0 =
= 0,
0 = (bτ )2 − 2bτbrnr(aτ , ra¯(aτ ))− [δrt − ǫ4hrt(aτ , ra¯(aτ ))] brbt, at s = 0, (7.19)
whose solution is
bτ = bτ(o) + b
τ
(1) == b
rnr(a
τ , ra¯(a
τ ))±
√
(brnr(aτ , ra¯(aτ )))2 + [δrt − ǫ4hrt(aτ , ra¯(aτ ))] brbt,
bτ(o) = ±
√
δrsbrbs,
bτ(1) = nr(a
τ , ra¯(a
τ )) br ∓ ǫ
2
4hrt(a
τ , ra¯(a
τ ))brbt√
δrsbrbs
+O(r2a¯). (7.20)
Therefore, if we consider the family of null geodesics emanating from a fixed point of
space-time and parametrized by {br}, we obtain the null surface describing the deformed
light-cone through that point in our post-Minkowskian Einstein space-time.
Let us now consider the eikonal equation [7] 4gAB(τ, ~σ) ∂A U(τ, ~σ) ∂B U(τ, ~σ) = 0, whose
solution, the so-called optical function U , is used to find the null hyper-surfaces U(τ, ~σ) = 0
tangent to the deformed light-cones, generalizing the planes x± = 1√
2
(xo ± x3) = 0 tangent
to the light-cone in special relativity, where they are used for the front (or null) form of
dynamics in light-cone coordinates.
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In Minkowski space-time with Cartesian coordinates the eikonal equation is
(∂τ UM(τ, ~σ))
2 − (~∂ UM (τ, ~σ))2 = 0, namely ∂τ UM = α |~∂ UM | with α = ±. The solutions
are UM(τ, ~σ) = f(τ ±∑r Ar σr) with ∑r A2r = 1.
After the linearization in our gauge the eikonal equation becomes (γˆrs = γr δ
rs)
(∂τ U(τ, ~σ))
2 − 2 ∂τ U(τ, ~σ)
∑
r
nr(τ, ~σ) ∂r U(τ, ~σ)−
∑
r
γr(τ, ~σ) (∂r U(τ, ~σ))
2 = 0. (7.21)
Let us put U = UM + V with V = O(ra¯). By disregarding terms of order V
2 the eikonal
equation becomes the following quasi-linear partial differential equation for V
2
[
α|~∂ UM | −
∑
r
nr ∂r UM
]
∂τ V − 2
∑
r
[
α |~∂ UM |nr + γr ∂r Um
]
∂rV =
=
∑
r
(γr − 1) (∂r UM)2 + 2α |~∂ UM |
∑
r
nr ∂r UM . (7.22)
If we write this equation in the form a ∂τ V +
∑
r ar ∂r V = F , then a solution U = UM+V
of the linearized eikonal equation can be obtained with the method of characteristics [25] if
it is possible to find an explicit solution of the system
dV
F
=
dτ
a
=
dσr
ar
. (7.23)
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VIII. CONCLUSIONS.
We have defined a background-independent Hamiltonian linearization of vacuum canon-
ical tetrad gravity in a completely fixed 3-orthogonal gauge in the framework of its rest-
frame instant form, where the evolution is governed by the weak ADM energy. In this
non-harmonic gauge every quantity is expressed in terms of the DO’s ra¯(τ, ~σ), πa¯(τ, ~σ),
a¯ = 1, 2, parametrizing the independent degrees of freedom of the gravitational field. The
method is based on the linearization of the Lichnerowicz equation for the conformal factor
of the 3-metric and on the restriction of the weak ADM energy to its part quadratic in the
DO’s.
As a consequence we succeed for the first time in solving all the constraints of tetrad grav-
ity (super-hamiltonian constraint included) and to find a solution of the linearized Einstein
equations in the uniquely defined 4-coordinate system induced by the chosen gauge, which
corresponds to a post-Minkowskian Einstein space-time of the Christodoulou-Klainermann
type. The DO’s ra¯(τ, ~σ) turn out to satisfy the massless wave equation even if we are not
in a harmonic gauge and we get non-zero shift functions (namely our 4-coordinates are
non-synchronous). Besides re-opening the Hamiltonian approach to gravity, we can show
explicitly the role played by the deterministically predictable DO’s of the gravitational field
in deforming the structures of the flat Minkowski space-time without having used it as a
background for the propagation of a massless spin 2 field as it happens in the standard
treatment of gravitational waves in the harmonic gauges. In particular the two configu-
ration DO’s ra¯(τ, ~σ), a¯ = 1, 2, of our gauge, where the 3-metric is diagonal, replace the
two polarizations of the TT harmonic gauge (with its non-diagonal 3-metric) and, through
the geodesic deviation equation, they induce two well defined patterns of deformation on a
sphere of test particles. Even if we were able to eliminate the background with our Hamilto-
nian linearization, our results are still coordinate (i.e. gauge)-dependent like in all existing
treatments of gravitational waves: indeed our DO’s ra¯, πa¯ are coordinate-dependent non-
tensorial quantities. To get a coordinate-independent description of them, we have to verify
the main conjecture of Ref. [15]. It states that by means of a Hamiltonian re-formulation of
the Newman-Penrose formalism [43] it should be possible to find a Shanmugadhsan canon-
ical basis in which the DO’s are also (coordinate-independent) Bergmann observables and
also the gauge variables are coordinate-independent.
We have also made some comments on the coordinate dependence of the gravito-magnetic
effects: for instance in our non-harmonic gauge the gravito-electric-magnetic analogy does
not hold. Again the verification of the main conjecture of Ref. [15] would allow a coordinate-
independent description of gravito-magnetism.
These results about background-independent gravitational waves in post-Minkowskian
space-times are welcome because they open the possibility, after the introduction of matter,
to study the emission of gravitational waves from relativistic sources without any kind of
post-Newtonian approximation. For instance this is the case for the relativistic motion (but
still in the weak field regime) of the binaries before the beginning of the final inspiral phase:
it is known that in this phase the post-Newtonian approximation does not work and that , till
now, only numerical gravity may help. In a future paper [44] we will add a relativistic perfect
fluid, described by suitable Lagrangian [45] or Eulerian [46] variables, to tetrad gravity, we
will define a Hamiltonian linearization of the system in the completely fixed 3-orthogonal
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gauge, we will find the Hamilton equations for the DO’s both of the gravitational field and of
the fluid, we will find the relativistic version of the Newton and gravito-magnetic action-at-
a-distance potentials acting inside the fluid present in the weak ADM energy and finally, by
using a multipolar expansion, we will find the relativistic counterpart of the post-Newtonian
quadrupole emission formula.
Let us remark that till now we have a treatment of the generation of gravitational
waves from a compact localized source of size R and mean internal velocity v only [22] for
nearly Newtonian slow motion sources for which v << c, λ
2π
>> R: outgoing gravitational
waves are observed in the radiation zone (far field, r >> λ
2π
), while deep in the near zone
(R < r << λ
2π
), for example r ≤ 1000 λ
2π
, vacuum Newtonian gravitation theory is valid. On
the contrary with our approach in suitable 4-coordinates we are going to obtain a weak field
approximation but with fast relativistic motion in the source subject to the restriction that the
total invariant mass and the mass currents are compatible with the weak field requirement.
This is enough to get relativistic results conceptually equivalent to the re-summation of the
post-Newtonian expansion.
Moreover we will have to explore whether our Hamiltonian approach is suitable for doing
Hamiltonian numerical gravity on the full non-linearized theory.
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APPENDIX A: RESULTS ON TETRAD GRAVITY.
In this Appendix we reproduce those results of Ref. [3], which are needed in this paper.
The Lichnerowicz equation in the 3-orthogonal gauge πφ(τ, ~σ) ≈ 0 given in Eq.(193) of
Ref. [3] is (see Eq.(A4) for the definition of the T u(a)r’s)
(−△˜[ra¯] + 1
8
3R˜[ra¯])(τ, ~σ)φ(τ, ~σ) =
12π2G2
c6
[
2(φ−7
∑
a¯
π2a¯)(τ, ~σ) +
+ 4
(
φ−5
∑
u
e
1√
3
∑
a¯
γa¯ura¯
∑
b¯
γb¯uπb¯
)
(τ, ~σ)×
∫
d3σ1
∑
r
δu(a)T u(a)r(~σ, ~σ1, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1) +
+ φ−3(τ, ~σ)
∫
d3σ1d
3σ2
(∑
u
e
2√
3
∑
a¯
γa¯ura¯(τ,~σ) ×
∑
r
T u(a)r(~σ, ~σ1, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1)×
∑
s
T u(a)s(~σ, ~σ2, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2) +
+
∑
uv
e
1√
3
∑
a¯
(γa¯u+γa¯v)ra¯(τ,~σ)(δu(b)δ
v
(a) − δu(a)δv(b))×
∑
r
T u(a)r(~σ, ~σ1, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1)
∑
s
T v(b)s(~σ, ~σ2, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2)
) ]
. (A1)
This equation for the conformal factor φ(τ, ~σ) of the 3-metric is implied by the super-
hamiltonian constraint, Eq.(191) of Ref. [3], which is
H˜R(τ, ~σ) |πφ=0 = ǫφ(τ, ~σ)
[ c3
16πG
(−8△˜[ra¯] + 3R˜[ra¯])φ−
− 6πG
c3
[(
2φ−7
∑
a¯
π2a¯
)
(τ, ~σ) +
+ 4
(
φ−5
∑
u
e
1√
3
∑
a¯
γa¯ura¯
∑
b¯
γb¯uπb¯
)
(τ, ~σ)×
∫
d3σ1
∑
r
δu(a)T u(a)r(~σ, ~σ1, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1) +
+ φ−3(τ, ~σ)
∫
d3σ1d
3σ2
(∑
u
e
2√
3
∑
a¯
γa¯ura¯(τ,~σ) ×
∑
r
T u(a)r(~σ, ~σ1, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1)×
∑
s
T u(a)s(~σ, ~σ2, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2) +
+
∑
uv
e
1√
3
∑
a¯
(γa¯u+γa¯v)ra¯(τ,~σ)(δu(b)δ
v
(a) − δu(a)δv(b))×
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∑
r
T u(a)r(~σ, ~σ1, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1)
∑
s
T v(b)s(~σ, ~σ2, τ)
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2)
) ] ]
≈ 0. (A2)
The scalar curvature and the Laplace-Beltrami operator appearing in these equations,
Eq.(190) of Ref. [3], are
3Rˆ[φ, ra¯] = −
∑
uv
{(2∂vln φ+ 1√
3
∑
a¯
γa¯u∂vra¯)(4∂vln φ− 1√
3
∑
b¯
γb¯u∂vrb¯) +
+φ−4e
2√
3
∑
c¯
γc¯vrc¯ [2∂2v ln φ+
1√
3
∑
a¯
γa¯u∂
2
vra¯ +
+
2√
3
(2∂vln φ+
1√
3
∑
a¯
γa¯u∂vra¯)
∑
b¯
(γb¯u − γb¯v)∂vrb¯ −
−(2∂vln φ+ 1√
3
∑
a¯
γa¯v∂vra¯)(2∂vln φ+
1√
3
∑
b¯
γb¯u∂vrb¯]}+
+φ−4
∑
u
e
2√
3
∑
c¯
γc¯urc¯ [−2∂2uln φ+
2√
3
∑
a¯
γa¯u∂
2
ura¯ +
+(2∂uln φ+
1√
3
∑
a¯
γa¯u∂ura¯)(2∂uln φ− 2√
3
∑
b¯
γb¯u∂urb¯)],
△˜[ra¯] = ∂r[3g˜rs ∂s] = 3g˜rs 3∇˜r 3∇˜s =
∑
r
e
− 2√
3
∑
a¯
γa¯rra¯ [∂2r −
2√
3
∑
b¯
γb¯r∂rrb¯∂r]. (A3)
If π˜~α(a)(τ, ~σ) ≈ 0 and π˜~ξr(τ, ~σ) ≈ 0 are the Abelianized momenta corresponding to the
rotation and super-momentum constraints, the connection of the old cotriad momenta to
the final ones, see Eq.(1.4), after the quasi-Shanmugadhasan canonical transformation (1.3),
i.e. Eq.(185) of Ref. [3], is
3 ˆ˜π
r
(a)(τ, ~σ) =
3π˜r(a)(τ, ~σ)|α(a)=0,ξr=σr ,π˜~α(a)=π˜~ξr=0 =
=
∑
s
∫
d3σ1Kr(a)s(~σ, ~σ1; τ) Π˜s(τ, ~σ1) =
=
∑
s
∫
d3σ1Kr(a)s(~σ, ~σ1; τ)(φ−2e−
1√
3
∑
a¯
γa¯sra¯)(τ, ~σ1)
[ πφ
6φ
+
√
3
∑
b¯
γb¯sπb¯
]
(τ, ~σ1),
→πφ→0
√
3
∑
s,b¯
γb¯s
∫
d3σ1Kr(a)s(~σ, ~σ1; τ |φ, ra¯](φ−2e−
1√
3
∑
a¯
γa¯sra¯πb¯)(τ, ~σ1),
with the kernel
Kr(a)s(~σ, ~σ1, τ) = K˜r(a)s(~σ, ~σ1, τ |φ, ra¯] def= δr(a)δrsδ3(~σ, ~σ1) + T r(a)s(~σ, ~σ1, τ),
T r(a)s(~σ, ~σ1, τ) = T˜ r(a)s(~σ, ~σ1, τ |φ, ra¯] =
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= −Qs(τ, ~σ1)
∂Grs(a)(~σ, ~σ1; τ |φ, ra¯]
∂σs1
−∑
v
∂Qs(τ, ~σ1)
∂σv1
Grv(a)(~σ, ~σ1; τ |φ, ra¯],
(A4)
The canonicity of the transformation (1.3) implies that the kernels T r(o)s’s are determined by
the kernels Grs(a)’s.
Eqs.(156) of Ref. [3], giving the partial differential equations for the kernels Gru(a)’s, are
ǫ(a)(r1)(b)δ
s
r1
δ3(~σ1, ~σ)
Qr1(τ, ~σ)
−∑
u
ǫ(u)(r1)(b)
Qu(τ, ~σ)
Qr1(τ, ~σ)
∂Gsu(a)(~σ1, ~σ; τ)
∂σr1
=
= ǫ(a)(r2)(b)δ
s
r2
δ3(~σ1, ~σ)
Qr2(τ, ~σ)
−∑
u
ǫ(u)(r2)(b)
Qu(τ, ~σ)
Qr2(τ, ~σ)
∂Gsu(a)(~σ1, ~σ; τ)
∂σr2
,
⇓
1
Q2r1(τ, ~σ)
∂Gsr2(a) (~σ1, ~σ; τ)
∂σr1
+
1
Q2r2(τ, ~σ)
∂Gsr1(a) (~σ1, ~σ; τ)
∂σr2
=
=
[ δ(a)r1δsr2
Qr1(τ, ~σ)Q
2
r2
(τ, ~σ)
+
δ(a)r2δ
s
r1
Q2r1(τ, ~σ)Qr2(τ, ~σ)
]
δ3(~σ1, ~σ),
⇓
1) s = a homogeneous equations :
1
Q21(τ, ~σ)
∂Ga2(a)(~σ1, ~σ; τ)
∂σ1
+
1
Q22(τ, ~σ)
∂Ga1(a)(~σ1, ~σ; τ)
∂σ2
=
=
1
Q22(τ, ~σ)
∂Ga3(a)(~σ1, ~σ; τ)
∂σ2
+
1
Q23(τ, ~σ)
∂Ga2(a)(~σ1, ~σ; τ)
∂σ3
=
=
1
Q23(τ, ~σ)
∂Ga1(a)(~σ1, ~σ; τ)
∂σ3
+
1
Q21(τ, ~σ)
∂Ga3(a)(~σ1, ~σ; τ)
∂σ1
= 0, a = 1, 2, 3;
2) s 6= a [s 6= r, r 6= a] in-homogeneous equations :
1
Q2s(τ, ~σ)
∂Gsr(a)(~σ1, ~σ; τ)
∂σs
+
1
Q2r(τ, ~σ)
∂Gss(a)(~σ1, ~σ; τ)
∂σr
=
=
1
Q2r(τ, ~σ)
∂Gsa(a)(~σ1, ~σ; τ)
∂σr
+
1
Q2a(τ, ~σ)
∂Gsr(a)(~σ1, ~σ; τ)
∂σa
= 0,
1
Q2a(τ, ~σ)
∂Gss(a)(~σ1, ~σ; τ)
∂σa
+
1
Q2s(τ, ~σ)
∂Gsa(a)(~σ1, ~σ; τ)
∂σs
=
δ3(~σ1;~σ)
Qa(τ, ~σ)Q2s(τ, ~σ)
. (A5)
Eqs.(159) of Ref. [3] for the kernels Kr(a)u’s, which ensure the simultaneous satisfaction
of the rotation and super-momentum constraints, are [Qu = φ
2 e
1√
3
∑
a¯
γa¯u ra¯]
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∑
r
Qr(τ, ~σ)
[
δ(a)rKr(b)u − δ(b)rKr(a)u
]
(~σ, ~σ1; τ) =
= Qu(τ, ~σ1)
[
Qa(τ, ~σ)
∂Gau(b)(~σ, ~σ1; τ)
∂σu1
−Qb(τ, ~σ)
∂Gbu(a)(~σ, ~σ1; τ)
∂σu1
]
+
+
∑
v
∂Qu(τ, ~σ1)
∂σv1
[
Qa(τ, ~σ)G
av
(b)(~σ, ~σ1; τ)−Qb(τ, ~σ)Gbv(a)(~σ, ~σ1; τ)
]
=
= 0, a 6= b,
Dˆ
(ωˆ)
(a)(b)r(τ, ~σ)Kr(b)u(~σ, ~σ1; τ) =
=
(
δ(a)(b)∂r + ǫ(a)(b)(c)
3ωˆr(c)(τ, ~σ)
)
Kr(b)u(~σ, ~σ1; τ) =
=
(
δ(a)(b)∂r +
∑
u
(δ(a)rδ(b)u − δ(a)uδ(b)r)∂uQr(τ, ~σ)
Qu(τ, ~σ)
)[
δr(b)δ(b)uδ
3(~σ, ~σ1)−
−Qu(τ, ~σ1)
∂Gru(b)(~σ, ~σ1; τ)
∂σu1
−∑
v
∂Qu(τ, ~σ1)
∂σv1
Grv(b)(~σ, ~σ1; τ)
]
= 0,
3ωˆr(a)(τ, ~σ) =
∑
u
ǫ(a)(m)(n)δ(m)rδ(n)u
∂uQr(τ, ~σ)
Qu(τ, ~σ)
(A6)
The cotriads, the triads, the 3-metric, the Christoffel symbols and the spin connection
on the WSW hyper-surfaces of our gauge, given in Eq.(184) of Ref. [3], have the following
expressions in the canonical basis (1.3)
3eˆ(a)r = δ(a)rφ
2e
1√
3
∑
a¯
γa¯rra¯ ,
3eˆr(a) = δ
r
(a)φ
−2e−
1√
3
∑
a¯
γa¯rra¯ ,
3gˆrs = δrsφ
4e
2√
3
∑
a¯
γa¯rra¯,
3gˆrs = δrsφ−4e−
2√
3
∑
a¯
γa¯rra¯ ,
3eˆ =
√
γˆ = φ6,
3Γˆruv = −δuv
∑
s
δrse
2√
3
∑
a¯
(γa¯u−γa¯s)ra¯[2∂sln φ+ 1√
3
∑
b¯
γb¯u∂srb¯
]
+
+δru
[
2∂vln φ+
1√
3
∑
a¯
γa¯u∂vra¯
]
+ δrv
[
2∂uln φ+
1√
3
∑
a¯
γa¯v∂ura¯
]
,
∑
u
3Γˆuuv = 6∂vln φ,
3ωˆr(a) = ǫ(a)(b)(c) δ(b)rδ(c)u e
1√
3
∑
a¯
(γa¯r−γa¯u)ra¯[2∂uln φ+ 1√
3
∑
b¯
γb¯r∂urb¯
]
→ra¯→0 ǫ(a)(b)(c) δ(b)rδ(c)u 2∂uln φ. (A7)
Eqs.(102) and (105) of Ref. [3] define the Green function of the covariant divergence
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Dˆ
(ω)
(a)(b)r(τ, ~σ) ζ
(ω)r
(b)(c)(~σ, ~σ
′
; τ) = −δ(a)(c)δ3(~σ, ~σ′). (A8)
ζ
(ω)r
(a)(b)(~σ, ~σ
′
; τ) = drγ
pp
′ (~σ, ~σ
′
)
(
Pγ
pp
′ e
∫ ~σ
~σ
′ dσs1 Rˆ
(c) 3ωs(c)(τ,~σ1)
)
(a)(b)
→φ→1,ra¯→0 ζ (o)r(a)(b)(~σ, ~σ1) = −
σr − σr1
4π|~σ − ~σ1|3 δ(a)(b) = −δ(a)(b)
∂
∂σr1
1
4π|~σ − ~σ1| =
= δ(a)(b) c
r(~σ − ~σ1), (A9)
since the linearization reduces drγ(~σ, ~σ1) to the Green function of the ordinary divergence
cr(~σ − ~σ1).
The weak and strong ADM Poincare’ generators of Eqs.(25) of Ref. [3] are
Pˆ τADM =
∫
d3σǫ[
c3
16πG
√
γ 3grˇsˇ(3Γuˇrˇvˇ
3Γvˇsˇuˇ − 3Γuˇrˇsˇ 3Γvˇvˇuˇ)−
− 8πG
c3
√
γ
3Grˇsˇuˇvˇ
3Π˜rˇsˇ 3Π˜uˇvˇ](τ, ~σ),
Pˆ rˇADM = −2
∫
d3σ 3Γrˇsˇuˇ(τ, ~σ)
3Π˜sˇuˇ(τ, ~σ),
Jˆτ rˇADM = −Jˆ rˇτADM =
∫
d3σǫ{σrˇ
[
c3
16πG
√
γ 3gnˇsˇ(3Γuˇnˇvˇ
3Γvˇsˇuˇ − 3Γuˇnˇsˇ 3Γvˇvˇuˇ)−
8πG
c3
√
γ
3Gnˇsˇuˇvˇ
3Π˜nˇsˇ 3Π˜uˇvˇ] +
+
c3
16πG
δrˇuˇ(
3gvˇsˇ − δvˇsˇ)∂nˇ[√γ(3gnˇsˇ 3guˇvˇ − 3gnˇuˇ 3gsˇvˇ)]}(τ, ~σ),
Jˆ rˇsˇADM =
∫
d3σ[(σrˇ 3Γsˇuˇvˇ − σsˇ 3Γrˇuˇvˇ) 3Π˜uˇvˇ](τ, ~σ),
P τADM = Pˆ
τ
ADM +
∫
d3σH˜(τ, ~σ) ≈ Pˆ τADM ,
P rˇADM = Pˆ
rˇ
ADM +
∫
d3σ 3H˜rˇ(τ, ~σ) ≈ Pˆ rˇADM ,
Jτ rˇADM = Jˆ
τ rˇ
ADM +
1
2
∫
d3σσrˇ H˜(τ, ~σ) ≈ Jˆτ rˇADM ,
J rˇsˇADM = Jˆ
rˇsˇ
ADM +
∫
d3σ[σsˇ 3H˜rˇ(τ, ~σ)− σrˇ 3H˜sˇ(τ, ~σ)] ≈ Jˆ rˇsˇADM . (A10)
Eq.(197) of Ref. [3] identifies the Hamiltonian of the rest-frame instant form of tetrad
gravity with the weak ADM energy
Hˆ
(WSW )′
(D)ADM = −ǫPˆ τADM,R = EˆADM . (A11)
The expression of the weak ADM Poincare’ generators after the quasi-Shanmugadhasan
transformation (1.3) and the restriction to the πφ(τ, ~σ) = 0 3-orthogonal gauge, given in
Eqs.(227) of Appendix B of Ref. [3], is
Pˆ τADM,R = ǫ
∫
d3σ
( c3
16πG
[
φ2
∑
r
e
− 2√
3
∑
a¯
γa¯rra¯ ×
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(
8(∂rln φ)
2 − 1
3
∑
b¯
(∂rrb¯)
2 −
− 4√
3
∂rln φ
∑
b¯
γb¯r∂rrb¯ +
2
3
(
∑
b¯
γb¯r∂rrb¯)
2
)]
(τ, ~σ)−
− 6πG
c3
φ−2(τ, ~σ)
[
2(φ−4
∑
a¯
π2a¯)(τ, ~σ) +
+ 4(φ−2
∑
u
e
1√
3
∑
a¯
γa¯ura¯
∑
b¯
γb¯uπb¯)(τ, ~σ)×
∫
d3σ1
∑
r
δu(a)T˜ u(a)r(~σ, ~σ1, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1) +
+
∫
d3σ1d
3σ2
(∑
u
e
2√
3
∑
a¯
γa¯ura¯(τ,~σ) ×
∑
r
T˜ u(a)r(~σ, ~σ1, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1)×
∑
s
T˜ u(a)s(~σ, ~σ2, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2) +
+
∑
uv
e
1√
3
∑
a¯
(γa¯u+γa¯v)ra¯(τ,~σ)(δu(b)δ
v
(a) − δu(a)δv(b))×
∑
r
T˜ u(a)r(~σ, ~σ1, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯rra¯
∑
b¯
γb¯rπb¯
)
(τ, ~σ1)
∑
s
T˜ v(b)s(~σ, ~σ2, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2)
) ] )
,
Pˆ rADM,R = −
∫
d3σφ−2(τ, ~σ)
(
φ−2(τ, ~σ)[
e
− 2√
3
∑
a¯
γa¯rra¯
∑
b¯
∂rrb¯πb¯ +
+ 2
√
3e
− 2√
3
∑
a¯
γa¯rra¯(2∂rln φ+
1√
3
∑
b¯
γb¯r∂rrb¯)
∑
c¯
γc¯rπc¯
]
(τ, ~σ) +
+
√
3
∫
d3σ1
∑
s
[
−∑
u
(
e
1√
3
∑
a¯
(γa¯u−2γa¯r)ra¯(2∂rln φ+
1√
3
∑
b¯
γb¯u∂rrb¯)
)
(τ, ~σ)
δu(a)T˜ u(a)s(~σ, ~σ1, τ |φ, ra¯]
+
∑
uv
(
e
− 1√
3
∑
a¯
γa¯ura¯
(
δru(2∂vln φ+
1√
3
∑
b¯
γb¯u∂vrb¯) +
+ δrv(2∂uln φ+
1√
3
∑
b¯
γb¯v∂urb¯)
))
(τ, ~σ)
δu(a)T˜ v(a)s(~σ, ~σ1, τ |φ, ra¯]
]
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ1)
)
,
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JˆrsADM,R =
∫
d3σφ−2(τ, ~σ)
(
φ−2(τ, ~σ)[
e
− 2√
3
∑
a¯
γa¯rra¯
∑
b¯
(σr∂s − σs∂r)rb¯πb¯) +
+ 2
√
3
∑
u
e
− 2√
3
∑
a¯
γa¯ura¯(σrδsu − σsδru)(2∂uln φ+
1√
3
∑
b¯
γb¯u∂urb¯)
∑
c¯
γc¯uπc¯
]
(τ, ~σ) +
+
√
3
∫
d3σ1
∑
w
[(
− σr∑
u
(
e
1√
3
∑
a¯
(γa¯u−2γa¯s)ra¯(2∂sln φ+
1√
3
∑
b¯
γb¯u∂srb¯)
)
(τ, ~σ)−
− σs∑
u
(
e
1√
3
∑
a¯
(γa¯u−2γa¯r)ra¯(2∂rln φ+
1√
3
∑
b¯
γb¯u∂rrb¯)
)
(τ, ~σ)
)
δu(a)T˜ u(a)w(~σ, ~σ1, τ |φ, ra¯] +
+
∑
uv
(
e
− 1√
3
∑
a¯
γa¯ura¯
(
(σrδsu − σsδru)(2∂vln φ+
1√
3
∑
b¯
γb¯u∂vrb¯) +
+ (σrδsv − σsδrv)(2∂uln φ+
1√
3
∑
b¯
γb¯v∂urb¯)
))
(τ, ~σ)
δu(a)T˜ v(a)w(~σ, ~σ1, τ |φ, ra¯]
]
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ1)
)
,
JˆτrADM,R = ǫ
∫
d3σσr
( c3
16πG
[
φ2
∑
r
e
− 2√
3
∑
a¯
γa¯rra¯ ×
(
8(∂rln φ)
2 − 1
3
∑
b¯
(∂rrb¯)
2 −
− 4√
3
∂rφ
∑
b¯
γb¯r∂rrb¯ +
2
3
(
∑
b¯
γb¯r∂rrb¯)
2
)]
(τ, ~σ)−
− 6πG
c3
φ−2(τ, ~σ)
{
2(φ−4
∑
a¯
π2a¯)(τ, ~σ) +
+4
[
φ−2
∑
u
e
1√
3
∑
a¯
γa¯ura¯
∑
b¯
γb¯uπb¯)(τ, ~σ)×
∫
d3σ1
∑
m
δu(a)T˜ u(a)m(~σ, ~σ1, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯mra¯
∑
b¯
γb¯mπb¯
)
(τ, ~σ1) +
+
∫
d3σ1d
3σ2
(∑
u
e
2√
3
∑
a¯
γa¯ura¯(τ,~σ) ×
∑
m
T˜ u(a)m(~σ, ~σ1, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯mra¯
∑
b¯
γb¯mπb¯
)
(τ, ~σ1)×
∑
s
T˜ u(a)s(~σ, ~σ2, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2) +
+
∑
uv
e
1√
3
∑
a¯
(γa¯u+γa¯v)ra¯(τ,~σ)(δu(b)δ
v
(a) − δu(a)δv(b))×
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∑
m
T˜ u(a)m(~σ, ~σ1, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯mra¯
∑
b¯
γb¯mπb¯
)
(τ, ~σ1)
∑
s
T˜ v(b)s(~σ, ~σ2, τ |φ, ra¯]
(
φ−2e−
1√
3
∑
a¯
γa¯sra¯
∑
c¯
γc¯sπc¯
)
(τ, ~σ2)
) ] }
−
− ǫc
3
8πG
∫
d3σ
[
φ−2
∑
uv
δru(δuv − 1)(φ4e
2√
3
∑
a¯
γa¯ura¯ − 1)
e
− 2√
3
∑
a¯
(γa¯v−γa¯u)ra¯(∂uln φ+
1√
3
∑
b¯
(γb¯v − γb¯u)∂urb¯)
]
(τ, ~σ). (A12)
Eqs.(194) of Ref. [3] give the equation for the determination of the lapse function n(τ, ~σ)
as a consequence of the time constancy of the gauge fixing ρ(τ, ~σ) =
πφ(τ,~σ)
2φ(τ,~σ)
≈ 0
∂τρ(τ, ~σ)
◦
= {ρ(τ, ~σ), Hˆ(D)ADM,R} =
∫
d3σ1n(τ, ~σ1){ρ(τ, ~σ), HˆR(τ, ~σ1)}+
+ λ˜τ (τ){ρ(τ, ~σ), Pˆ τADM,R}+ λ˜r(τ){ρ(τ, ~σ), Pˆ rADM,R} ≈
≈ −1
2
φ(τ, ~σ)
[ ∫
d3σ1n(τ, ~σ1)
δHˆR(τ, ~σ1)
δφ(τ, ~σ)
+
+ λ˜τ
δPˆ τADM,R
δφ(τ, ~σ)
+ λ˜r(τ)
δPˆ rADM,R
δφ(τ, ~σ)
]
≈ 0,
⇒ n(τ, ~σ)− nˆ(τ, ~σ|ra¯, πa¯, λ˜A] ≈ 0,
∂τ
[
n(τ, ~σ)− nˆ(τ, ~σ|ra¯, πa¯, λ˜A]
]
=
= λn(τ, ~σ)− {nˆ(τ, ~σ|ra¯, πa¯, λ˜A], Hˆ(WSW )(D)ADM,R} ≈ 0,
⇒ λn(τ, ~σ) determined;
the rest-frame instant form expression of this equation is
∫
d3σ1 n(τ, ~σ1)
δHˆR(τ, ~σ1)
δφ(τ, ~σ)
= −ǫδPˆ
τ
ADM,R
δφ(τ, ~σ)
. (A13)
For πφ(τ, ~σ) = 0 the shift functions nr(τ, ~σ) of our gauge, as functions of the lapse
function n(τ, ~σ), have the form given in Eq.(187) of Ref. [3], i.e.
nr(τ, ~σ) ≈ −ǫ 4
√
3πG
c3
[
φ2e
1√
3
∑
a¯
γa¯rra¯
]
(τ, ~σ)
∫
d3σ1[ǫ− n(τ, ~σ1)]φ−2(τ, ~σ1)∑
wu
e
1√
3
∑
a¯
(γa¯w+γa¯u)ra¯(τ,~σ1)
(
δwuδ(b)(d) + δ(b)uδ(d)w − δ(b)wδ(d)u
)
∑
v
∫
d3σ2Kw(b)v(~σ1, ~σ2; τ)
[
φ−2e−
1√
3
∑
a¯
γa¯ura¯
]
(τ, ~σ2)
∑
b¯
γb¯vπb¯(τ, ~σ2)G
ur
(d)(~σ1, ~σ; τ). (A14)
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For πφ = 0 the extrinsic curvature of our WSW hyper-surfaces, the ADM metric mo-
mentum and the DeWitt supermetric, given by Eqs.(186) of Ref. [3], are
3Kˆrs(τ, ~σ) =
ǫ 4πG
c3
[e
1√
3
∑
c¯
(γc¯r+γc¯s)rc¯
∑
u
(δruδ(a)s + δsuδ(a)r − δrsδ(a)u)
e
1√
3
∑
c¯
γc¯urc¯ 3 ˆ˜π
u
(a)](τ, ~σ),
3Kˆ(τ, ~σ) = −ǫ 4πG
c3
[φ−4
∑
u
δ(a)ue
1√
3
∑
c¯
γc¯urc¯ 3 ˆ˜π
u
(a)](τ, ~σ) =
= −ǫ 4
√
3πG
c3
φ−4(τ, ~σ)
∑
u
δ(a)ue
1√
3
∑
c¯
γc¯urc¯(τ,~σ)
∑
s
∑
b¯
γb¯s
∫
d3σ1Kr(a)s(~σ, ~σ1; τ |φ, ra¯](φ−2e−
1√
3
∑
a¯
γa¯sra¯πb¯)(τ, ~σ1),
3 ˆ˜Π
rs
(τ, ~σ) =
1
4
[3eˆr(a)
3 ˆ˜π
s
(a) +
3eˆs(a)
3 ˆ˜π
r
(a)](τ, ~σ) =
=
1
4
φ−2(τ, ~σ)[e−
1√
3
∑
a¯
γa¯rra¯δr(a)
3 ˆ˜π
s
(a) +
+ e
− 1√
3
∑
a¯
γa¯sra¯δs(a)
3 ˆ˜π
r
(a)](τ, ~σ) =
=
√
3
4
φ−2(τ, ~σ)
[
e
− 1√
3
∑
a¯
γa¯rra¯δr(a)∑
u
∫
d3σ1Kr(a)u(~σ, ~σ1, τ |φ, ra¯, Π˜] +
+ e
− 1√
3
∑
a¯
γa¯sra¯δs(a)
∑
u
∫
d3σ1Ks(a)u(~σ, ~σ1, τ |φ, ra¯, Π˜]
]
(φ−2e−
1√
3
∑
a¯
γa¯ura¯)(τ, ~σ1)
∑
b¯
γb¯uπb¯(τ, ~σ1),
3Gˆrsuv(τ, ~σ) = [
3gˆru
3gˆsv +
3gˆrv
3gˆsu − 3gˆrs 3gˆuv](τ, ~σ) =
= φ8(τ, ~σ)[e
2√
3
∑
a¯
(γa¯r+γa¯s)ra¯(δruδsv + δrvδsu)−
− e 2√3
∑
a¯
(γa¯r+γa¯u)ra¯δrsδuv](τ, ~σ). (A15)
The tetrads and cotetrads adapted to the WSW hyper-surfaces of our gauge, given in
Eq.(1) of Ref. [3], are
4
(Σ)Eˇ
µ
(α) = {4(Σ)Eˇµ(o) = lµ = bˆµl =
1
N
(bµτ −N rbµr ); 4(Σ)Eˇµ(a) = 3es(a)bµs},
4
(Σ)Eˇ
(α)
µ = {4(Σ)Eˇ(o)µ = ǫlµ = bˆlµ = Nbτµ; 4(Σ)Eˇ(a)µ = 3e(a)s bˆsµ},
4
(Σ)Eˇ
µ
(α)
4gµν
4
(Σ)Eˇ
ν
(β) =
4η(α)(β),
4
(Σ)
ˇ˜E
A
(α) =
4
(Σ)Eˇ
µ
(α) b
A
µ , ⇒ 4(Σ) ˇ˜E
A
(o) = ǫl
A,
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4
(Σ)
ˇ˜E
τ
(o) =
1
N
, 4(Σ)
ˇ˜E
τ
(a) = 0,
4
(Σ)
ˇ˜E
r
(o) = −
N r
N
, 4(Σ)
ˇ˜E
r
(a) =
3er(a);
4
(Σ)
ˇ˜E
(α)
A =
4
(Σ)Eˇ
(α)
µ b
µ
A, ⇒ 4(Σ) ˇ˜E
(o)
A = lA,
4
(Σ)
ˇ˜E
(o)
τ = N,
4
(Σ)
ˇ˜E
(a)
τ = N
r 3e(a)r = N
(a),
4
(Σ)
ˇ˜E
(o)
r = 0,
4
(Σ)
ˇ˜E
(a)
r =
3e(a)r ,
4
(Σ)Eˇ
A
(α)
4gAB
4
(Σ)Eˇ
B
(β) =
4η(α)(β). (A16)
The 3-metric on our WSW hyper-surfaces and the line element of our space-time, given
by Eqs.(183) of Ref. [3], are
3gˆrs = e
2q


e
2√
3
∑
a¯
γa¯1ra¯ 0 0
0 e
2√
3
∑
a¯
γa¯2ra¯ 0
0 0 e
2√
3
∑
a¯
γa¯3ra¯

 = φ4 3gˆdiagrs ,
γˆ = 3gˆ = 3eˆ2 = e6q = φ12, det |gˆdiagrs | = 1,
dsˆ2 = ǫ
(
[−ǫ+ n]2(dτ)2 −
−δuv[φ2e
2√
3
∑
a¯
γa¯ura¯dσu + φ−2e−
2√
3
∑
a¯
γa¯ura¯ nu dτ ]
[φ2e
2√
3
∑
a¯
γa¯vra¯dσv + φ−2e−
2√
3
∑
a¯
γa¯vra¯ nv dτ ]
)
,
q = 2ln φ =
1
6
ln 3gˆ, ra¯ =
√
3
2
∑
r
γa¯r ln
3gˆrr
3gˆ
. (A17)
The Frauendiener equations for the WSW triads, given in Eq.(200) of Ref. [3], are
3∇r 3e(WSW )r(1) = 3∇r 3e(WSW )r(2) = 0,
3∇r 3e(WSW )r(3) = −α3K,
3e
(WSW )r
(1)
3e
(WSW )s
(3)
3∇r 3e(WSW )(2)s + 3e(WSW )r(3) 3e(WSW )s(2) 3∇r 3e(WSW )(1)s +
+ 3e
(WSW )r
(2)
3e
(WSW )s
(1)
3∇r 3e(WSW )(3)s = 0. (A18)
The WSW tetrads of Eq.(201) of Ref. [3] are
4
(Σ)
ˇ˜E
(WSW )
A
(o) =
1
−ǫ+ n(1;−n
r),
4
(Σ)
ˇ˜E
(WSW )
A
(a) = (0;
3e(WSW )r(a)),
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4
(Σ)Eˇ
(WSW )µ
(o) = l
µ,
4
(Σ)Eˇ
µ
(a) = b
µ
s
3e(WSW )s(a). (A19)
The embedding of the WSW hyper-surfaces of oue gauge into the space-time, given in
Eq.(208) of Ref. [3], are
zµ(WSW )(τ, ~σ) = δ
µ
(µ)x
(µ)
(∞)(0) + l
µ(τ, ~σ)τ + ǫµr (τ, ~σ)σ
r =
= xµ(∞)(0) + l
µ(τ, ~σ)τ + bµs (τ, ~σ)
3e(WSW )s(a)(τ, ~σ)δ(a)rσ
r =
= xµ(∞)(0) + b
µ
A(τ, ~σ)F
A(τ, ~σ),
F τ (τ, ~σ) =
τ
−ǫ+ n(τ, ~σ) ,
F s(τ, ~σ) = 3e(WSW )s(a)(τ, ~σ)δ(a)rσ
r − n
s(τ, ~σ)
−ǫ+ n(τ, ~σ)τ, (A20)
with the transition coefficients bµA determined by Eqs.(209) of Ref. [3]
bµA =
∂zµ(WSW )
∂σA
= bµB
∂FB
∂σA
+
∂bµB
∂σA
FB,
AA
B = δBA −
∂FB
∂σA
,
FB
∂bµB
∂σA
= AA
BbµB,
or bµb = (A
−1)BaFC
∂bµC
∂σA
. (A21)
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APPENDIX B: THE KERNELS F
(O)R
(A)(B).
As shown in Ref. [3] the kernels F
(o)r
(a)(b)’s, zero curvature limit of the kernels F
r
(a)(b)’s of
Eq.(1.4), are given by the equations
F
(o)s
(a)(b)(~σ, ~σ1) =
1
2
[
ǫ(a)(s)(b)δ
3(~σ, ~σ1)−
∑
u,r
ǫ(u)(r)(b)
∂G
(o)su
(a) (~σ, ~σ1)
∂σr1
]
,
F
(o)r
(a)(1)(~σ1, ~σ; τ) =
∂G
(o)r3
(a) (~σ1, ~σ; τ)
∂σ21
− δ(a)3δr2δ3(~σ, ~σ1) =
= δ(a)2δ
r
3δ
3(~σ, ~σ1)−
∂G
(o)r2
(a) (~σ1, ~σ; τ)
∂σ31
,
F
(o)r
(a)(2)(~σ1, ~σ; τ) =
∂G
(o)r1
(a) (~σ1, ~σ; τ)
∂σ31
− δ(a)1δr3δ3(~σ, ~σ1) =
= δ(a)3δ
r
1δ
3(~σ, ~σ1)−
∂G
(o)r3
(a) (~σ1, ~σ; τ)
∂σ11
,
F
(o)r
(a)(3)(~σ1, ~σ; τ) =
∂G
(o)r2
(a) (~σ1, ~σ; τ)
∂σ11
− δ(a)2δr1δ3(~σ, ~σ1) =
= δ(a)1δ
r
2δ
3(~σ, ~σ1)−
∂G
(o)r1
(a) (~σ1, ~σ; τ)
∂σ21
, (B1)
so that from Eqs.(2.12) we get
F
(o)a
(a)(b)(~σ, ~σ1) = 0, a, b = 1, 2, 3,
F
(o)3
(2)(1)(~σ, ~σ1) = −F (o)2(3)(1)(~σ, ~σ1) = F (o)1(3)(2)(~σ, ~σ1) = −F (o)3(1)(2)(~σ, ~σ1) =
= F
(o)2
(1)(3)(~σ, ~σ1) = −F (o)1(2)(3)(~σ, ~σ1) =
1
2
δ3(~σ, ~σ1),
F
(o)2
(1)(1)(~σ, ~σ1) = F
(o)1
(2)(1)(~σ, ~σ1) =
= −1
2
∂
∂σ31
∫ σ11
−∞
dw11δ
3(~σ, w11σ
2
1σ
3
1) =
= −1
2
θ(σ11 , σ
1)δ(σ2, σ21)
∂δ(σ3, σ31)
∂σ31
,
F
(o)3
(2)(3)(~σ, ~σ1) = F
(o)2
(3)(3)(~σ, ~σ1) =
=
1
2
∂
∂σ11
∫ σ31
−∞
dw31δ
3(~σ, σ11σ
2
1w
3
1) =
=
1
2
∂δ(σ1, σ11)
∂σ11
δ(σ2, σ21)θ(σ
3
1 , σ
3),
F
(o)3
(1)(1)(~σ, ~σ1) = F
(o)1
(3)(1)(~σ, ~σ1) =
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=
1
2
∂
∂σ21
∫ σ11
−∞
dw11δ
3(~σ, w11σ
2
1σ
3
1) =
=
1
2
θ(σ11, σ
1)
∂δ(σ2, σ21)
∂σ21
δ(σ3, σ31),
F
(o)3
(2)(2)(~σ, ~σ1) = F
(o)2
(3)(2)(~σ, ~σ1) =
= −1
2
∂
∂σ11
∫ σ21
−∞
dw21δ
3(~σ, σ11w
2
1σ
3
1) =
= −1
2
∂δ(σ1, σ11)
∂σ11
θ(σ21 , σ
2)δ(σ3, σ31),
F
(o)2
(1)(2)(~σ, ~σ1) = F
(o)1
(2)(2)(~σ, ~σ1) =
=
1
2
∂
∂σ31
∫ σ21
−∞
dw21δ
3(~σ, σ11w
2
1σ
3
1) =
=
1
2
δ(σ1, σ11)θ(σ
2
1 , σ
2)
∂δ(σ3, σ31)
∂σ31
,
F
(o)3
(1)(3)(~σ, ~σ1) = F
(o)1
(3)(3)(~σ, ~σ1) =
= −1
2
∂
∂σ21
∫ σ31
−∞
dw31δ
3(~σ, σ11σ
2
1w
3
1) =
= −1
2
δ(σ1, σ11)
∂δ(σ2, σ21)
∂σ21
θ(σ31, σ
3). (B2)
77
APPENDIX C: FOURIER TRANSFORMS.
By assuming the validity of the Fourier transform on the linearized WSW CMC-hyper-
surfaces, which are assimilated to flat R3 surfaces at the lowest level, for the real functions
ra¯(τ, ~σ), πa¯(τ, ~σ) we have
ra¯(τ, ~σ) =
∫
d3k
(2π)3
r˜a¯(τ,~k)e
i~k·~σ, r˜∗a¯(τ,~k) = r˜a¯(τ,−~k),
πa¯(τ, ~σ) =
∫
d3k
(2π)3
π˜a¯(τ,~k)e
i~k·~σ, π˜∗a¯(τ,~k) = π˜a¯(τ,−~k),
r˜a¯(τ,~k) =
∫
d3σra¯(τ, ~σ)e
−i~k·~σ, π˜a¯(τ,~k) =
∫
d3σπa¯(τ, ~σ)e
−i~k·~σ,
{r˜a¯(τ,~k), π˜b¯(τ,~k1)} = {
∫
d3σra¯(τ, ~σ)e
−i~k·~σ,
∫
d3σ1πb¯(τ, ~σ1)e
−i~k1·~σ1}
= δa¯b¯
∫
d3σ1
∫
d3σe−i
~k1·~σ1e−i
~k·~σδ(~σ − ~σ1)
= δa¯b¯
∫
d3σe−i(
~k+~k1)·~σ = (2π)3δa¯b¯δ(~k + ~k1). (C1)
The conditions (2.15) and (2.16) become
π˜a¯(τ, 0k
2k3) = π˜a¯(τ, k
10k3) = π˜a¯(τ, k
1k20) = 0,
r˜a¯(τ, 0k
2k3) = r˜a¯(τ, k
10k3) = r˜a¯(τ, k
1k20) = 0. (C2)
Some useful relations are
θ(x) = limǫ→0
∫ dk
2πi
eikx
k − iǫ ,
∫ d3k
(2π)3
ei
~k·~σ
|~k|2 =
1
4π|~σ| ,
ψ(x) =
∫
dyθ(x− y)f(y) ⇒ f˜(k) = ikψ˜(k),
✷ra¯(τ, ~σ) =
∫ d3k
(2π)3
[∂2τ + |~k|2]r˜a¯(τ,~k)ei~k·~σ,
∫
d3σ e−i
~k·~σ
∫
d3σ1
f(~σ1)
4π|~σ − ~σ1| =
f˜(~k)
|~k|2 ,
∫
d3σ1
ra¯(τ, ~σ1)
4π|~σ − ~σ1| =
∫
d3k
(2π)3
r˜a¯(τ,~k)
|~k|2 e
i~k·~σ,
∫
dσu1 θ(σ
u, σu1 )
∫
dσu2 θ(σ
u
2 , σ
u
1 )e
ikuσu2 =
eik
uσu
k2u
,
∫
dσr1θ(σ
r
1, σ
u)eik
rσr1 = −e
ikrσr
ikr
,
since
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∂2
(∂σu)2
(e−ikuσu
k2u
)
= eik
uσu =
∂2
(∂σu)2
∫ σu
−∞
dσu1
∫ ∞
σu1
dσu2 e
ikuσu2 ,
∫ σu
−∞
dσu1
∫ σu1
−∞
dσu2
∫ ∞
σv
dσv1
∫ ∞
σv1
dσv2
∫
d3σ3
∂23r∂
2
3s∂
2
3w∂
2
3trc¯(τ, ~σ3)
4π|~σ2 − ~σ3| |~σ2=(σ
u
2 σ
v
2σ
k 6=u,v) =
=
∫
d3k
(2π)3
k2rk
2
sk
2
wk
2
t
k2uk
2
v|~k|2
r˜c¯(τ,~k)e
i~k·~σ. (C3)
Let us consider Eqs.(5.2). Their Fourier transform is
∂τ r˜a¯(τ,~k) =
∑
b¯
Aa¯b¯(~k)π˜b¯(τ,~k), (C4)
where the matrix Aa¯b¯(~k) is
Aa¯b¯(~k) = Ab¯a¯(~k) = Aa¯b¯(−~k) =
24πG
c3
[
δa¯b¯ +
1
4
∑
r,s,u,v
γa¯rγb¯s
(1− δuv)[1− 2(δur + δvr)][1− 2(δus + δvs)]
( krks
kukv
)2]
,
det
(
Aa¯b¯(~k)
)
=
192π2G2
c6
|~k|6
(k1k2k3)2
. (C5)
Eq.(C2) implies that Eq.(C4) is well defined, even if the matrix Aa¯b¯(~k) diverges for
kr → 0, if π˜a¯(τ,~k) vanishes for ~k → 0 at least as (k1k2k3)2+ǫ, ǫ > 0.
For ~k 6= 0 its inverse is
A−1
a¯b¯
(~k) = A−1
b¯a¯
(~k) = A−1
a¯b¯
(−~k) =
=
1
detA(~k)
∑
c¯d¯
ǫa¯c¯ǫb¯d¯Ac¯d¯(~k) =
c3
8πG
1
|~k|6
[
(k1k2k3)2δa¯b¯ +
+
1
2
∑
r,s,t,c¯,d¯
ǫa¯c¯γc¯rǫb¯d¯γd¯s(2δtr − 1)(2δts − 1)(krkskt)2
]
. (C6)
The Fourier transform of Eq.(5.5) is
∂τ π˜a¯(τ,~k) =
∑
b¯
Ba¯b¯(~k)r˜b¯(τ,~k), (C7)
where Ba¯b¯(~k) is the matrix
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Ba¯b¯(~k) = Bb¯a¯(~k) = Ba¯b¯(−~k) =
=
c3
24πG
[
− δa¯b¯
∑
r
k2r +
∑
rs
γa¯rγb¯s
(
2δrsk
2
r −
k2rk
2
s
2|~k|2
)]
,
det
(
Ba¯b¯(~k)
)
=
c6 (k1k2k3)2
192π2G2|~k|2 , (C8)
satisfying
∑
b¯
Aa¯b¯(~k)Bb¯c¯(~k) = −|~k|2δa¯c¯ =
∑
b¯
Ba¯b¯(~k)Ab¯c¯(~k),
⇒ A−1(~k) = −|~k|2B(~k). (C9)
But this implies that the Fourier transform of Eq.(5.7) reduces to the wave equation
¨˜ra¯(τ,~k)
◦
=
∑
b¯
(
− |~k|2δa¯b¯ + 2
∑
r
γa¯rγb¯r k
2
r −
1
2
∑
rs
γa¯r
k2rk
2
s
|~k|2
)
r˜b¯(τ,~k) +
+
1
8
∑
c¯
(∑
rs
∑
tw
∑
uv
[
− 2γa¯rγc¯s + 4γa¯rγc¯t(δts − 1
3
)− γa¯rγc¯w(δts − 1
3
)
]
(1− δuv)
[1− 2(δur + δvr)][1− 2(δus + δvs)]k
2
t k
2
wk
2
rk
2
s
k2uk
2
v |~k|2
)
r˜c¯(τ,~k) =
= −|~k|2r˜a¯(τ,~k), (C10)
whose solutions
ra¯(τ, ~σ) =
∫
d3k
(2π)3
(
Ca¯(~k)e
−i(|~k| τ−~k·~σ) + C∗a¯(~k)e
i(|~k|τ−~k·~σ)),
r˜a¯(τ,~k) = Ca¯(~k) e
−i |~k| τ + C∗a¯(−~k) ei |~k| τ , (C11)
have the arbitrary functions Ca¯(~k) satisfying Eq.(C2). Then Eqs.(5.4) imply the following
form of the momenta restricted to the solutions
πa¯(τ, ~σ) = −i
∫
d3k
(2π)3
∑
b¯
A−1
a¯b¯
(~k) |~k|
[
Cb¯(~k) e
−i(|~k| τ−~k·~σ) − C∗a¯(~k)ei(|~k|τ−~k·~σ)
]
,
π˜a¯(τ,~k) =
∑
b¯
A−1
a¯b¯
(~k) ∂τ r˜b¯(τ,~k) =
=
∑
b¯
A−1
a¯b¯
(~k)
[
− i|~k|Cb¯(~k)e−i|~k|τ + i|~k|C ∗¯b (−~k)ei|~k|τ
]
. (C12)
To have π˜a¯(τ,~k) vanishing for ~k → 0 at least as (k1k2k3)2+ǫ, ǫ > 0, we must require that the
functions Ca¯(~k) vanish at least as (k
1 k2 k3)ǫ for kr → 0.
The Fourier transform of the ADM energy (3.1) is
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EˆADM =
12πG
c3
∫
d3k
(2π)3
∑
a¯
π˜a¯(τ,~k)π˜a¯(τ,−~k) +
+
c3
48πG
∫ d3k
(2π)3
∑
a¯r
k2r r˜a¯(τ,
~k)r˜a¯(τ,−~k) +
+
3πG
c3
∫
d3k
(2π)3
∑
a¯b¯
[ ∑
r,s,u,v
γa¯rγb¯s(1− δuv)[1− 2(δur + δvr)]
[1− 2(δus + δvs)]
( krks
kukv
)2
π˜a¯(τ,~k)π˜b¯(τ,−~k)
]
−
− c
3
24πG
∫
d3k
(2π)3
∑
a¯b¯r
γa¯rγb¯rk
2
r r˜a¯(τ,
~k)r˜b¯(τ,−~k) +
+
c3
96πG
∫
d3k
(2π)3
∑
a¯b¯ru
γa¯rγb¯u
k2rk
2
u
|~k|2 r˜a¯(τ,
~k)r˜b¯(τ,−~k). (C13)
As a check we can recover the Fourier transforms (C4) and (C7) of the Hamilton equations
by using this form of the weak ADM energy and the Poisson brackets (C1).
The Fourier transform of the shift functions (3.5) is
n˜r(τ,~k) = −i
√
3
2πG
c3
∑
b¯vuc
γb¯v(1− δuc)[1− 2(δuv + δcv)][1− 2(δur + δcr)]
krk
2
v
k2uk
2
c
π˜b¯(τ,~k), (C14)
while the Fourier transform of the extrinsic curvature is
3 ˜ˆKrs(τ,~k) = ǫ
√
3
4πG
c3
∑
a¯
[
2δrsγa¯s − (1− δrs)
∑
w
γa¯w[1− 2(δrw + δsw)] k
2
w
krks
]
π˜a¯(τ,~k), (C15)
The following Fourier transforms are used in the study of the geodesic deviation equation
4 ˜ˆΓ
r
τs(τ,
~k) = iksn˜r(τ,~k) + ǫ
3 ˜ˆKrs(τ,~k),
4 ˜ˆR
r
τsτ (τ,
~k) = −ǫ∂τ 3 ˜ˆKrs(τ,~k). (C16)
The Fourier transforms of the exponent q(τ, ~σ) (
√
4gˆ ≈ −ǫ(1 + 3q)) of the conformal
factor of the 3-metric, given in Eq.(2.2), and of the inverse 3-metric (3.7) are
q˜(τ,~k) =
1
2
√
3
∑
a¯u
γa¯u
k2u
|~k|2 r˜a¯(τ,
~k), (C17)
and
3 ˜ˆγ
rs
(τ,~k) = δrs
(
1− 2√
3
∑
a¯
[
γa¯rr˜d¯(τ,~k) +
1
2
∑
u
γa¯u
k2u
|~k|2 r˜a¯(τ,
~k)
])
. (C18)
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APPENDIX D: LINEARIZED 3- AND 4-TENSORS.
1. Linearized 3-Tensors on the WSW Hyper-Surfaces Στ
¿From Eqs.(3.8) and (A7) we get the following results for the linearized Riemannian
structure of the WSW hyper-surfaces Σ(WSW )τ .
The Christoffel symbols are
3Γˆruv(τ, ~σ) =
1√
3
∑
a¯
(
− δuv
[
γa¯u∂rra¯(τ, ~σ)−
− 1
2
∑
w
γa¯w∂r
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+
+ δru
[
γa¯u∂vra¯(τ, ~σ)−
− 1
2
∑
w
γa¯w∂v
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+
+ δrv
[
γa¯v∂ura¯(τ, ~σ)−
− 1
2
∑
w
γa¯w∂u
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
])
+O(r2a¯),
∑
v
3Γˆvuv(τ, ~σ) = −
√
3
2
∑
a¯w
γa¯w∂u
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1| +O(r
2
a¯),
∑
u
∂(s
3Γˆur)u(τ, ~σ) = −
√
3
2
∑
a¯w
γa¯w∂r∂s
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1| +O(r
2
a¯),
∑
r
∂r
3Γˆruv(τ, ~σ) =
1√
3
∑
a¯
([
− δuv
(
γa¯u△+ 1
2
∑
w
γa¯w∂
2
w
)
+ (γa¯u + γa¯v)∂u∂v
]
ra¯(τ, ~σ)−
−∑
w
γa¯w∂u∂v
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+O(r2a¯),
∑
ur
∂r
3Γˆuru(τ, ~σ) =
∑
ru
∂r
3Γˆruu(τ, ~σ) =
√
3
2
∑
w
γa¯w∂
2
wra¯(τ, ~σ) +O(r
2
a¯), (D1)
while the spin connection and the field strength are
3ωˆr(a)(τ, ~σ) =
1√
3
∑
u
ǫ(a)(r)(u)
∑
a¯
[
γa¯r∂ura¯(τ, ~σ)−
− 1
2
∑
v
γa¯v
∂
∂σu
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+O(r2a¯), (D2)
3Ωˆrs(a)(τ, ~σ) = ∂r
3ωˆs(a)(τ, ~σ)− ∂s 3ωˆr(a)(τ, ~σ) +O(r2a¯) =
=
1√
3
∑
a¯u
(
ǫ(a)(s)(u)
[
γa¯s∂u∂rra¯(τ, ~σ)−
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− 1
2
∑
v
γa¯v∂u∂r
∫
d3σ1
∂21vra¯(τ, ~σ1)
4π|~σ − ~σ1|
]
−
− ǫ(a)(r)(u)
[
γa¯r∂u∂sra¯(τ, ~σ)−
− 1
2
∑
v
γa¯v∂u∂s
∫
d3σ1
∂21vra¯(τ, ~σ1)
4π|~σ − ~σ1|
])
+O(r2a¯). (D3)
Finally the Riemann and Ricci tensors and the curvature scalars are
3Rˆrsuv(τ, ~σ) = ǫ(r)(s)(a)
3Ωˆuv(a)(τ, ~σ) +O(r
2
a¯) =
=
1√
3
∑
a¯
([
γa¯r(δrv∂s∂u − δru∂s∂v)− γa¯s(δsv∂r∂u − δsu∂r∂v)
]
ra¯(τ, ~σ)−
− 1
2
∑
t
γa¯t
[
δrv∂s∂u − δru∂s∂v − (δsv∂r∂u − δsu∂r∂v)
]
∫
d3σ1
∂21tra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+O(r2a¯),
3Rˆrs(τ, ~σ) =
∑
u
3Rˆurus(τ, ~σ) +O(r
2
a¯) =
=
1√
3
∑
a¯
([
(γa¯r + γa¯s)∂r∂s − δrs(γa¯r△+ 1
2
∑
t
γa¯t∂
2
t )
]
ra¯(τ, ~σ)−
− 1
2
∫
d3σ1
∑
t
γa¯t∂r∂sd
3σ1
∂21tra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+O(r2a¯),
3Rˆ(τ, ~σ) =
∑
r
3Rˆrr(τ, ~σ) +O(r
2
a¯) =
1√
3
∑
a¯v
∂2vra¯(τ, ~σ) +O(r
2
a¯). (D4)
2. The 4-Christoffel Symbols, the 4-Riemann Tensor and Einstein Equations.
In this Subsection we will give the linearized form of the main 4-tensors of our space-time.
By using the parametrization of the 4-metric 4gAB given in footnote 6 and Eqs.(4.1),
with the 3Γˆurs’s of Eq.(D1), we get the following 4-Christoffel symbols [N = −ǫ + n, N r =
nr +O(r
2
a¯)]
4Γˆτττ (τ, ~σ) =
( 1
N
[∂τN +N
r∂rN −N rN s 3Kˆrs]
)
(τ, ~σ) =
= 0 +O(r2a¯),
4Γˆτrτ (τ, ~σ) =
( 1
N
[∂rN − 3KˆrsN s]
)
(τ, ~σ) = 0 +O(r2a¯),
4Γˆτrs(τ, ~σ) = −
( 1
N
3Kˆrs
)
(τ, ~σ) =
=
4πG
c3
3Go(a)(b)(c)(d)δ(a)rδ(b)s
∑
u
δ(c)u
3 ˇ˜π
u
(d)(τ, ~σ) +O(r
2
a¯) =
83
=
√
3
4πG
c3
∑
a¯
[
2δrsγa¯rπa¯(τ, ~σ) +
+ [1− δrs]
∑
w
γa¯w[1− 2(δrw + δsw)]
∂2
∂(σw)2
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 πa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+O(r2a¯),
4Γˆuττ (τ, ~σ) =
(
∂τN
u − N
u
N
∂τN + (
3gˆuv − N
uNv
N2
)N∂vN +
+ Nu|vNv − 2N(3gˆuv − N
uNv
N2
)3KˆvrN
r
)
(τ, ~σ) =
= ∂τnu(τ, ~σ) +O(r
2
a¯) =
=
√
3
2πG
c3
∑
a¯t
γa¯t
∑
mn
(1− δmn)[1− 2(δum + δun)][1− 2(δtm + δtn)]
∂
∂σu
∫ σm
−∞
dσm1
∫ σn
−∞
dσn1
∫ ∞
σm1
dσm2
∫ ∞
σn1
dσn2
∂2∂τπa¯(τ, σ
m
2 σ
n
2σ
k 6=m,n
2 )
(∂σt2)
2
|σk2=σk +O(r
2
a¯),
4Γˆurτ (τ, ~σ) =
(
Nu|r − N
u
N
∂rN −N(3gˆuv − N
uNv
N2
)3Kˆvr
)
(τ, ~σ) =
= ∂rnu(τ, ~σ) + ǫ
3Kˆur(τ, ~σ) +O(r
2
a¯) =
= ∂rnu(τ, ~σ) +
4πG
c3
3Go(a)(b)(c)(d)δ
u
( a)δ(b)r
∑
w
δ(c)w
3 ˇ˜π
w
(d)(τ, ~σ) +O(r
2
a¯) =
=
√
3
4πG
c3
∑
a¯
[
2δur γa¯rπa¯(τ, ~σ) + [1− δur ]
∑
t
γa¯t[1− 2(δut + δrt)]
∂2
∂(σt)2
∫ ∞
σu
dσu1
∫ ∞
σr
dσr1 πa¯(τ, σ
u
1σ
r
1σ
k 6=u,r) +
+
1
2
∑
a¯t
γa¯t
∑
mn
(1− δmn)[1− 2(δum + δun)][1− 2(δtm + δtn)]
∂2
∂σr∂σu
∫ σm
−∞
dσm1
∫ σn
−∞
dσn1
∫ ∞
σm1
dσm2
∫ ∞
σn1
dσn2
∂2πa¯(τ, σ
m
2 σ
n
2σ
k 6=m,n
2 )
(∂σt2)
2
|σk2=σk
]
+
+ O(r2a¯),
4Γˆurs(τ, ~σ) =
(
3Γˆurs +
Nu
N
3Kˆrs
)
(τ, ~σ) =
= 3Γˆurs(τ, ~σ) +O(r
2
a¯) =
=
1√
3
∑
a¯
(
− δuv
[
γa¯u∂rra¯(τ, ~σ)− 1
2
∑
w
γa¯w∂r
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+
+ δru
[
γa¯u∂vra¯(τ, ~σ)− 1
2
∑
w
γa¯w∂v
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+
+ δrv
[
γa¯v∂ura¯(τ, ~σ)− 1
2
∑
w
γa¯w∂u
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
])
+O(r2a¯). (D5)
Since ϕ(a)(τ, ~σ) = 0 in our gauge, the space-time spin connection
4ωA
(α)
(β) =
84
4E
(α)
B [∂A
4EB(β) +
4ΓBAC
4EC(β)] can be evaluated with the formula
4 ◦ωA(α)(β) = 4(Σ)
ˇ˜E
(α)
B [∂A
4
(Σ)
ˇ˜E
B
(β) +
4ΓBAC
4
(Σ)
ˇ˜E
C
(β)], (D6)
by using Eqs.(3.9) and (D5).
For the 4-Riemann tensor 4RABCD =
1
2
4gAE (∂B∂D
4gEC + ∂E∂C
4gBD − ∂E∂D 4gBC −
∂B∂C
4gED) +
4gAL 4gEF (
4ΓELC
4ΓFBD − 4ΓELD 4ΓFBC) we get
4RˆABCD = ∂C
4ΓˆABD − ∂D 4ΓˆACB +O(r2a¯),
4Rˆτ τCD(τ, ~σ) = 0 +O(r
2
a¯),
4Rˆτ rτs(τ, ~σ) = ∂τ
4Γˆτrs +O(r
2
a¯) = ǫ∂τ
3Kˆrs +O(r
2
a¯) =
=
√
3
4πG
c3
∑
a¯
[
2δrsγa¯rπa¯(τ, ~σ) +
+ [1− δrs]
∑
w
γa¯w[1− 2(δrw + δsw)]
∂2
∂(σw)2
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 ∂τπa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+O(r2a¯),
4Rˆτ ruv(τ, ~σ) = ∂u
4Γˆτrv − ∂v 4Γˆτur = +ǫ(∂u 3Kˆrv − ∂v 3Kˆru) =
=
√
3
4πG
c3
∑
a¯
[
2γa¯r(δrv∂u − δru∂v)πa¯(τ, ~σ) +
∑
t
γa¯t
(
(1− δrv)[1− 2(δrt + δvt)] ∂
3
∂σu∂(σt)2
∫ ∞
σr
dwr
∫ ∞
σv
dwv πa¯(τ, w
rwvσk 6=r,v)−
− (1− δru)[1− 2(δrt + δut)] ∂
3
∂σv∂(σt)2
∫ ∞
σr
dwr
∫ ∞
σu
dwu πa¯(τ, w
rwuσk 6=r,u)
)]
+
+ O(r2a¯),
4Rˆrτsτ (τ, ~σ) = −ǫ∂τ 3Kˆrs(τ, ~σ) +O(r2a¯) =
= −
√
3
4πG
c3
∑
a¯
[
2δrsγa¯r∂τπa¯(τ, ~σ) +
+ [1− δrs]
∑
w
γa¯w[1− 2(δrw + δsw)]
∂2
∂(σw)2
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 ∂τπa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+O(r2a¯),
4Rˆrτuv(τ, ~σ) =
4Rˆτ ruv(τ, ~σ),
4Rˆrsuv(τ, ~σ) = ∂u
4Γˆrsv − ∂v 4Γˆrus + O(r2a¯) =
=
1√
3
∑
a¯
(
δsu
[
γa¯r∂v∂rra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σv∂σr
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
]
−
− δsv
[
γa¯s∂u∂rra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σu∂σr
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
]
+
+ δrv
[
γa¯v∂u∂sra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σu∂σs
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
]
−
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− δru
[
γa¯u∂v∂sra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σv∂σs
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
])
+O(r2a¯). (D7)
Then we get the following linearization of the Ricci tensor and of the curvature scalar
4RˆAB =
4RˆEAEB =
4RˆτAτB +
4RˆrArB,
4Rˆττ =
∑
r
4Rˆrτrτ = −ǫ
∑
r
∂τ
3Kˆrr +O(r
2
a¯)
◦
=0 +O(r2a¯),
4Rˆτu =
∑
r
4Rˆrτru = ǫ
∑
r
(∂r
3Kˆru − ∂u 3Kˆrr) +O(r2a¯) =
= ǫ
∑
r
∂r
3Kˆru +O(r
2
a¯)
◦
=0 +O(r2a¯),
4Rˆrs =
4Rˆτ rτs +
∑
u
4Rˆurus =
= ǫ ∂τ
3Kˆrs +
∑
u
(∂u
3Γˆurs − ∂(s 3Γˆur)u) +O(r2a¯),
4Rˆ = 4ηAB 4RˆAB +O(r
2
a¯) = ǫ(
4Rˆττ −
∑
r
4Rˆrr) +O(r
2
a¯) =
= −ǫ∑
ur
(∂u
3Γˆurr − ∂r 3Γˆuru) +O(r2a¯) = 0 +O(r2a¯). (D8)
We see that the Einstein’s equations 4RˆτA
◦
=0 (corresponding to the super-hamiltonian
and super-momentum constraints) are satisfied as a consequence of the results of Section II.
The spatial Einstein equations 4Rˆrs
◦
=0 are independent from the shift functions nr and,
after having used the Hamilton equations (5.6) to eliminate ∂τπa¯(τ, ~σ), it can be checked
with a long but straightforward calculation that they are satisfied
4Rˆrs(τ, ~σ) = ǫ ∂τ
3Kˆrs +
∑
u
(∂u
3Γˆurs − ∂(s 3Γˆur)u)(τ, ~σ) +O(r2a¯) =
=
√
3
4πG
c3
∑
a¯
[
2δrsγa¯s∂τπa¯(τ, ~σ) +
+ (1− δrs)
∑
w
γa¯w[1− 2(δrw + δsw)]
∂2w
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 ∂τ πa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+
+
1√
3
∑
a¯
([
− δrs(γa¯r△+ 1
2
∑
w
γa¯w∂
2
w) + (γa¯r + γa¯s)∂r∂s
]
ra¯(τ, ~σ)−
−∑
w
γa¯w∂r∂s
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+
+
√
3
2
∑
a¯w
γa¯w∂r∂s
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
◦
=0 +O(r2a¯). (D9)
Then we can obtain the field strength in our gauge by using the equation 4
◦
ΩAB(α)(β) =
4
(Σ)
ˇ˜E
C
(α)
4
(Σ)
ˇ˜E
D
(β)
4RCDAB = ∂A
4 ◦ωB(α)(β) − ∂B 4 ◦ωA(α)(β) + 4 ◦ωA(α)(γ) 4 ◦ω
(γ)
B(β) − 4 ◦ωB(α)(γ) 4 ◦ω
(γ)
A(β).
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3. The 4-Weyl and 4-Bel-Robinson Tensors and the Kretschmann Invariant.
In this Section we will study the radiation gauge form of others 4-tensors.
Let us evaluate the 4-Weyl tensor 4CABCD =
4RABCD +
1
2
(4RAC
4gBD − 4RBC 4gAD +
4RBD
4gAC − 4RAD 4gBC) + 16(4gAC 4gBD − 4gAD 4gBC) 4R ◦= 4RABCD. We get
4Crstu =
4Rrstu +
1
2
(−ǫ4Rrtδsu + ǫ4Rstδru − ǫ4Rsuδrt + ǫ4Rruδst) =
= −ǫ 1√
3
∑
a¯
(
δst
[
γa¯r∂u∂rra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σu∂σr
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
]
−
− δsu
[
γa¯s∂t∂rra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σt∂σr
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
]
+
+ δru
[
γa¯u∂t∂sra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σt∂σs
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
]
−
− δrt
[
γa¯t∂u∂sra¯(τ, ~σ)− 1
2
∑
w
γa¯w
∂2
∂σu∂σs
∫
d3σ1
(∂21wra¯)(τ, ~σ)
4π|~σ − ~σ1|
])
+
+
1
2
(
− ǫδsu
√
3
4πG
c3
∑
a¯
[
2δrtγa¯t∂τπa¯(τ, ~σ) +
+ (1− δrt)
∑
w
γa¯w[1− 2(δrw + δtw)]
∂2w
∫ ∞
σr
dσr1
∫ ∞
σt
dσt1 ∂τ πa¯(τ, σ
r
1σ
s
1σ
k 6=r,t)
]
+
+
1√
3
∑
a¯
([
− δrt(γa¯r△+ 1
2
∑
w
γa¯w∂
2
w) + (γa¯r + γa¯t)∂r∂t
]
ra¯(τ, ~σ)−
−∑
w
γa¯w∂r∂t
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+
+
√
3
2
∑
a¯w
γa¯w∂r∂t
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1| +
+ ǫδru
√
3
4πG
c3
∑
a¯
[
2δstγa¯t∂τπa¯(τ, ~σ) +
+ (1− δst)
∑
w
γa¯w[1− 2(δsw + δtw)]×
∂2w
∫ ∞
σs
dσs1
∫ ∞
σt
dσt1 ∂τ πa¯(τ, σ
s
1σ
t
1σ
k 6=s,t)
]
+
+
1√
3
∑
a¯
([
− δst(γa¯s△+ 1
2
∑
w
γa¯w∂
2
w) + (γa¯s + γa¯s)∂s∂t
]
ra¯(τ, ~σ)−
−∑
w
γa¯w∂s∂t
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+
+
√
3
2
∑
a¯w
γa¯w∂s∂t
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1| −
− ǫδrt
√
3
4πG
c3
∑
a¯
[
2δsuγa¯u∂τπa¯(τ, ~σ) +
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+ (1− δsu)
∑
w
γa¯w[1− 2(δsw + δuw)]
∂2w
∫ ∞
σs
dσs1
∫ ∞
σu
dσu1 ∂τ πa¯(τ, σ
s
1σ
u
1σ
k 6=s,u)
]
+
+
1√
3
∑
a¯
([
− δsu(γa¯s△+ 1
2
∑
w
γa¯w∂
2
w) + (γa¯s + γa¯u)∂s∂u
]
ra¯(τ, ~σ)−
−∑
w
γa¯w∂s∂u
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+
+
√
3
2
∑
a¯w
γa¯w∂s∂u
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1| +
+ ǫδst
√
3
4πG
c3
∑
a¯
[
2δrsγa¯u∂τπa¯(τ, ~σ) +
+ (1− δru)
∑
w
γa¯w[1− 2(δrw + δuw)]
∂2w
∫ ∞
σr
dσr1
∫ ∞
σu
dσu1 ∂τ πa¯(τ, σ
r
1σ
u
1σ
k 6=r,u)
]
+
+
1√
3
∑
a¯
([
− δru(γa¯r△+ 1
2
∑
w
γa¯w∂
2
w) + (γa¯r + γa¯s)∂r∂u
]
ra¯(τ, ~σ)−
−∑
w
γa¯w∂r∂u
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+
+
√
3
2
∑
a¯w
γa¯w∂r∂u
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+O(r2a¯),
4Cτruv =
4Rτruv +O(r
2
a¯) =
= ǫ
√
3
4πG
c3
∑
a¯
[
2γa¯r(δrv∂u − δru∂v)πa¯(τ, ~σ) +
∑
t
γa¯t
(
(1− δrv)[1− 2(δrt + δvt)] ∂
3
∂σu∂(σt)2
∫ ∞
σr
dwr
∫ ∞
σv
dwv πa¯(τ, w
rwvσk 6=r,v)−
− (1− δru)[1− 2(δrt + δut)] ∂
3
∂σv∂(σt)2
∫ ∞
σr
dwr
∫ ∞
σu
dwu πa¯(τ, w
rwuσk 6=r,u)
)]
+
+ O(r2a¯),
4Cτrτs =
4Rτrτs +
1
2
ǫ4Rrs =
= ǫ
√
3
4πG
c3
∑
a¯
[
2δrsγa¯rπa¯(τ, ~σ) +
+ [1− δrs]
∑
w
γa¯w[1− 2(δrw + δsw)]
∂2
∂(σw)2
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 ∂τπa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+
+
ǫ
2
√
3
4πG
c3
∑
a¯
[
2δrsγa¯s∂τπa¯(τ, ~σ) +
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+ (1− δrs)
∑
w
γa¯w[1− 2(δrw + δsw)]
∂2w
∫ ∞
σr
dσr1
∫ ∞
σs
dσs1 ∂τ πa¯(τ, σ
r
1σ
s
1σ
k 6=r,s)
]
+
+
1√
3
∑
a¯
([
− δrs(γa¯r△+ 1
2
∑
w
γa¯w∂
2
w) + (γa¯r + γa¯s)∂r∂s
]
ra¯(τ, ~σ)−
−∑
w
γa¯w∂r∂s
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1|
)
+
+
√
3
2
∑
a¯w
γa¯w∂r∂s
∫
d3σ1
∂21wra¯(τ, ~σ1)
4π|~σ − ~σ1| +O(r
2
a¯),
4Cτsττ =
4Rτsττ = 0,
4Cττττ =
4Rττττ = 0. (D10)
On the solutions of the Hamilton equations the Weyl tensor 4CˆABCD(τ, ~σ) coincides with
the Riemann tensor.
Let us consider the congruence of time-like observers whose 4-velocities are given by the
unit normals to Σ(WSW )τ , viz.
4
(Σ)
ˇ˜E
A
(o)(τ, ~σ) = ǫl
A(τ, ~σ) = −(1; δrsns(τ, ~σ)), 4(Σ) ˇ˜E
(o)
A (τ, ~σ) =
lA(τ, ~σ) = −ǫ(1; 0) [see Eqs.(2.2)]. The electric and magnetic parts of the Weyl tensor with
respect to these time-like observers are 25
4EˆAB(τ, ~σ) =
4EˆBA(τ, ~σ) = [
4CˆACBD l
C lD](τ, ~σ),
[4EˆAB l
B](τ, ~σ) = −
[
4EˆAτ +
4EˆArnr
]
(τ, ~σ) = 0, 4EˆAA(τ, ~σ) = 0,
4Eˆrs(τ, ~σ) = [
4Cˆrτsτ + (
4Cˆrτsu +
4Cˆsτru)nu +
4Cˆrusvnunv](τ, ~σ) =
= 4Cˆrτsτ +O(r
2
a¯),
4Eˆrτ (τ, ~σ) = [
4Cˆrττunu +
4Cˆruτvnunv](τ, ~σ) = −[4Eˆrsns](τ, ~σ) =
= 0 +O(r2a¯),
4Eˆττ (τ, ~σ) = [
4Cˆτrτsnrns](τ, ~σ) = −[4Eˆτsns](τ, ~σ) =
= 0 +O(r2a¯),
4HˆAB(τ, ~σ) =
4HˆBA(τ, ~σ) =
1
2
ǫBE
CD [4CˆAFCD l
E lF ](τ, ~σ) = [∗4CˆABCDlClD](τ, ~σ),
[4HˆAB l
B](τ, ~σ) = −
[
4HˆAτ +
4HArnr
]
(τ, ~σ) = 0, 4HˆAA(τ, ~σ) = 0,
4Hˆrs(τ, ~σ) = [∗4Cˆrτsτ + (∗4Cˆrτsu + ∗4Csτru)nu + ∗4Cˆrusvnunv](τ, ~σ) =
= ∗4Cˆrτsτ +O(r2a¯),
25∗4CˆABCD = 12ǫABEF 4CˆEFCD = 12ǫCDEF 4CˆABEF is, due to the Lanczos identity, the unique
Hodge dual of the Weyl tensor [47] (the Riemann tensor has different left and right duals).
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4Hˆrτ(τ, ~σ) = [∗4Cˆrττunu + ∗4Cˆruτvnunv](τ, ~σ) = −[4Hˆrsns](τ, ~σ) =
= 0 +O(r2a¯),
4Hˆττ (τ, ~σ) = [∗4Cˆτrτsnrns](τ, ~σ) = −[4Hˆτsns](τ, ~σ) =
= 0 +O(r2a¯). (D11)
Both 4EˆAB and
4HˆAB have five independent components. See Ref. [47] for an analogous
decomposition of the Riemann tensor.
The four eigenvalues Λα, α = 1, .., 4, of the Weyl tensor are
4CˆABCD
4CˆABCD = O(r2a¯),
4CˆAB
CD ǫCDEF
4CˆABEF = O(r2a¯),
4CˆABCD
4CˆCDEF
4CˆEFAB = O(r
3
a¯),
4CˆABCD ǫCDEF
4CˆEFUV
4CˆUV AB = O(r
3
a¯). (D12)
As shown in Ref. [15], the 4-coordinate system σA = {τ, ~σ}, corresponding to our com-
pletely fixed 3-orthogonal gauge, is identifiable by means of 4 gauge-fixing constraints
σA − F A¯[Λα(τ, ~σ)] ≈ 0, where the F A¯ are 4 suitable scalar functions of the 4 eigenval-
ues of the Weyl tensor such that in the linearized theory we have F A¯ = F A¯(L) + O(r
2
a¯) with
F A¯(L) = O(ra¯).
The Kretschmann invariant and pseudo-invariant are respectively [∗4RˆABCD =
1
2
ǫABEF 4RˆEF
CD]
Rˆ · Rˆ = 4RˆABCD 4RˆABCD = O(r2a¯),
∗Rˆ · Rˆ = ∗4RˆABCD 4RˆABCD = O(r2a¯). (D13)
In Ref. [16] it is suggested that in presence of matter a coordinate-independent characteri-
zation of gravito-magnetism is ∗Rˆ · Rˆ 6= 0.
The Bel-Robinson and Bel tensors are respectively
4TˆABCD = 4CˆAECF 4CˆBEDF + 4CˆAEDF 4CˆBECF −
− 1
2
4gAB
4CˆEFCG
4CˆEFD
G − 1
2
4gCD
4CˆAEFG
4CˆB
EFG +
+
1
8
4gAB
4gCD
4CˆEFGH
4CˆEFGH = O(r2a¯),
4Bˆ = 4RˆAECF 4RˆBEDF + 4RˆAEDF 4RˆBECF −
− 1
2
4gAB
4RˆEFCG
4RˆEFD
G − 1
2
4gCD
4RˆAEFG
4RˆB
EFG +
+
1
8
4gAB
4gCD
4RˆEFGH
4RˆEFGH = O(r2a¯),
4BˆABCD = 4TˆABCD + 4MˆABCD + 4QˆABCD, (D14)
where 4QˆABCD = 164Rˆ [4CˆACBD+4CˆADBC ] is the matter-gravity coupling tensor and 4MˆABCD
is the pure matter gravitational super-energy tensor (see Ref. [47] for its expression).
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